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ABSTRACT 


\ 

Laboratory  tests  were  conducted  on  selected  granular  materials 
to  determine  the  velocities  of  propagation  of  the  shear  and  compression 
waves  and  to  evaluate  the  internal  damping.  Test  variables  included 
the  confining  pressure,  amplitude  of  vibration,  void  ratio  of  the  ma¬ 
terial,  saturation,  and  grain  size.  Resonant  column  tests  were  used 
for  wave  velocity  evaluation,  and  the  vibration  decay  method  and  static 
torsion  tests  were  used  to  determine  damping.  The  granular  materials 
used  were  Ottawa  standard  sand,  two  sizes  of  glass  spheres,  and  a 
crushed  quartz. 

Confining  pressure  had  the  most  significant  effect  on  velocities 
of  wave  propagation,  with  velocities  increasing  about  with  the  1/4 
pc  r  of  the  confining  pressure.  The  effect  of  more  than  200  times 
increase  in  amplitude  caused  a  reduction  of  wave  velocity  of  only  10 
to  15  per  cent.  The  same  order  of  reduction  of  wave  velocity  resulted 
from  an  increase  of  void  ratio  from  the  minimum  to  maximum  value. 

V. 

Damping  determined  from  the  decay  of  steady  state  vibrations 
behaved  like  viscous  damping.  The  values  of  logarithmic  decrement 
vatied  from  about  0.02  to  0.20  for  these  materials  and  test  conditions. 
Higher  values  of  logarithmic  decrement  were  .found  in  the  static  torsion 
tests  because  stresses  up  to  75  per  cent  of  the  failure  conditions  were 
used . 

brief  review  of  the  literature  is  included  and  a  method  is 
indicat^  for  evaluating  the  relative  importance  of  damping  through 
disslpat\on  of  energy  by  elastic  waves  and  damping  due  to  jiiLernal 
friction  \ithin  the  material. 
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INTKODUCTION 

Till?  oliji'ct  of  ihls  invest  i  gat  ion  was  to  evaluate  the  influence  of 
iniportant  variables  on  tlu'  "elastic"  w.ive  propagation  and  damping  in  s.inds 
Thus,  it  is  a  study  of  mateiial  properties  alone  The  results  of  this 
type  of  tests  provide  information  of  the  variaLtons  to  he  introduced  into 
theories  of  soil -structure  interaction  to  account  for  the  behavior  of 
real  sands.  Thus,  the  test  data  represent  fundamental  information  v.’hich 
may  be  applied  to  many  types  of  design  considerations. 

The  methods  for  evaluating  internal  dam.ping  in  the  material  require 
calculations  based  on  theory.  The  general  theories  ai'.-iilable  are  described 
in  Section  I  under  Review  of  Previous  l.’ork  and  thi  details  of  the  particular 
theories  and  .^eClnitions  to  he  ur  i  '  ized  in  w^.niiecLlon  with  the  Lest  program 
are  given  In  Seetion  II. 

The  terms  used  for  damping  are  applied  to  specify  bchavicc  of  the 
sand  mateiial  alene.  Because  the  dynamic  beh.ivior  of  a  soil-structure 
system  is  saiietlines  defined  by  fitting  it  into  the  uiie-degree-of -freedom 
system  with  viscous  damping,  there  have  been  numerous  attempts  to  determine 
a  damping  constant  for  the  whole  system.  The  damping  constant  thus  deter¬ 
mined  includes  both  the  internal  damping  in  the  sands  as  well  as  a  dissi¬ 
pation  of  energy  by  propagation  of  elastic  waves  developed  by  the  structure 
moving  against  the  soil.  Both  forms  of  damping  are  developed  whether  a 
single  impulsive  load  is  applied  or  whether  repeated  loads  occur.  In  order 
to  evaluate  the  dissipation  damping  which  is  principally  a  function  of 
geometry,  the  theory  of  an  oscillator  resting  on  an  elastic  semi - inf  in ite 
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body  Is  rov  Uwod  briolly.  I'rom  this  example  aid  Lhe  lest  data  on  liite-nal 
datnplny,,  an  estimate  can  be  made  of  the  sififiif  ieance  of  each.  It  is  impor¬ 
tant  to  maititain  the  distinction  between  damping  which  occurs  as  energy 
losses  v/itliiii  tile  soil,  and  dissipation  of  energy  through  geometrical  ois- 
trlhiition  ol  wave  energy  propagation. 

In  order  to  evaluate  the  vaiiahles  <.mlch  Influence  the  "elastic" 
wave  propagation  and  damping  in  sands,  tests  •■■ere  made  using  a  piocedurc 
based  on  steady  state  vibrations.  A  column  of  sand  encased  in  a  rubber 
membrane  was  placed  in  a  rrlaxial  cell  and  excited  into  cither  longitudinal 
or  torsional  oscillations.  Measurements  of  the  amplitude  of  vibration 
resulting  from  changes  ol  frequency  and  input  force  permitted  an  evaluation 
of  the  wave  propagation  and  Internal  dumping  In  the  specimen  under  the 
particular  test  conditions.  The  effects  of  .-implitude  of  resonant  oscili- 
acion,  confining  pressure,  saturation,  and  grain  characteristics  were 
studied , 

The  resonant  column  method  was  chosen  in  preference  to  the  single 
pulse  method  for  this  study  in  order  to  obtain  both  the  longitudinal  and 
shear  wave  propagation  velocities  in  the  soil  structure  under  controlled 
amplitude  conditions.  In  a  saturated  soil,  longitudinal  waves  are  prop¬ 
agated  both  in  the  fluid  and  in  the  soil  structure  and  some  of  the  test 
data  previously  reported  in  the  literature  have  indicated  that  difficulties 
arise  in  separating  the  two  effects  when  only  transmitted  pulses  were  used 
In  the  resonant  column  method  control  and  evaluation  of  the  amplitude  uf 
oscillation  for  both  longitudinal  and  torsional  modes  of  oscillation  is 
relatively  easy. 

The  studies  of  damping  were  carried  oat  using  the  resonant  column 
apparatus  by  measuring  the  decay  of  amplitude  oi  oscillation  after  the  driving 
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power  Wiis  turn>d  ot  f .  Values  of  the  damaing  quantities  were  measured  for  the 
same  series  of  variables  used  tot  the  wave  propagation  .studies.  A  separate 
series  of  torsion  tests  usitig  repeated  static  loads  on  a  specimen  c£  dense 
Ottawa  sand  was  ronrtuoted  for  the  purpose  of  evaluating  the  effeets  f  ;-re 
strain  and  stress  history  on  damping. 

The  amplitudes  of  motion  considered  in  the  resonant  vibration  tests 
varied  from  about  1  x  10*^  in  to  I  x  10*^  in.  double  amplitude  in  longi¬ 
tudinal  oscillation  and  from  about  1  x  10‘5  to  7.5  x  10’^  rad.  double  ampli¬ 
tude  ill  torsional  oscillation.  For  the  lower  confining  pressures,  the 
average  stresses  developed  by  these  motions  di,iuu.i..cd  to  about  20  per  cent 
of  the  ultimate  shear  stress.  The  amplitudes  were  restricted  to  this  magnitude 
to  ensure  that  the  grain  structure  was  not  altered  significantly  during  the 
course  of  the  test  and  that  the  wave  propagation  and  damping  values  corre¬ 
sponded  to  the  "elastic"  range.  However,  in  the  repeated  static  torsion 
tests  the  maximum  stress  in  a  few  tests  reached  75  per  cent  of  the  ultimate 
stress.  In  the  test  program  proposed  for  the  continuing  work  it  Is  planned 
to  use  amplitudes  which  definitely  cause  a  breakdown  of  the  grain  structure 
and  compaction  of  the  sample  during  vibratory  or  Impact  loads. 
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1.  REVIfiW  PF  PREVIOUS  WORK  ON 
WAVE  PROPAGATION  AND  DAMPING  IN  SOILS 

A.  THEORIES  OF  ELASTIC  WAVE  PROPAGATION 
Elastic  waives  in  ideal  elastic  solids 

In  an  InfinlCei  elastic  Isotropic,  Iiomogeneous  body  a  disturbance 
may  be  ptepagated  by  v.'aves  of  volume  change,  designated  as  the  compression 
wave,  push  wave,  or  P-wave,  and  by  waves  of  distortion  at  constant  volume 
designated  as  the  shear  wave,  transverse  wave,  or  S-wave.  The  compression 
and  shear  waves  also  transmit  disturbances  throughout  the  interior  of  a 
semi-infinite  clastic,  isotropic,  homogeneous  body,  but  because  of  the  free 
surface  a  third  type  of  wave  appears  (Rayleigh,  1885).  This  surface  wave 
has  been  designated  as  the  Rayleigh  wave  or  R-wavc.  A  comprehensive  study 
of  the  development  and  propagation  of  the  surface  Rayleigh  wave  caused  by 
an  Impulse  applied  at  the  surface  or  ar  a  point  below  the  surface  of  an 
elastic,  isotropic,  homogeneous  body  was  given  by  Lamb  (1904).  This  classic 
paper  by  Lamb  is  the  starting  point  for  many  theories  which  have  been 
developed  during  the  past  half  century  for  treating  impulsive  loadings 
acting  on  various  segments  of  the  surface  of  the  semi-infinite  body.  The 
relationship  between  the  velocities  of  the  P-wave,  S-wave,  and  R-wave  has 
been  given  by  Knopoff  (1952)  as  a  function  of  the  Poisson's  ratio,y6C  , 
of  the  elastic  material.  The  velocity  of  the  S-wave  is  given  by 
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in  wlitcli  G  is  the  s!k  ar  modulus 

of  elasticity, 

is  the  unit  weight,  and 

^  is  t lie  mass  density  of  the 

el ast i c  material . 

Table  1  gives  the  ratio 

of  the  velocities  of  the  P-w.ivo 

and  R-uavc  .is  a  function  of  and  . 

TABLE  T 

Poi sson' s 

/V)t 

Har  ( 0 

'Ts 

0 

0.8/5 

1  .418 

0.1 

0,893 

1  .493 

0.2 

0.911 

1  .626 

0.3 

0.927 

1  .869 

0.4 

0,942 

2.439 

0.5 

0.955 

c>o 

Additional  wavps  appear  In  non-lsotropl r  or  layered  materials  and 
these  arc  described  by  Leet  (1950),  and  created  extensively  in  the  book 
by  Ewing,  Jardetzky,  and  Press  (1957).  The  mathematical  theories  which 
treat  the  reflection,  refraction,  and  propagation  of  waves  into  and  through 
elastic  solids  have  been  highly  developed  by  mathematicians  and  seismolo¬ 
gists,  and  are  now  being  applied  to  the  study  of  blast  effects  within  a 
semi-infinite  elastic  body.  (See,  for  example.  Miles  (1960),  Serbln  (1960), 
and  Baron  and  Matthews  (1961).) 

Dissipation  of  wave  energy  in  elastic  solids 

Theoretical  treatments  of  elastic  wave  energy  dissipation  in  elastic 
bodies  have  also  developed  from  Lamb  (1904)  .  Miller  and  Pursey  (1955)  deter 
mined  analytically  the  distribution  of  energy  between  the  compression,  shear 
and  Rayleigh  waves  caused  by  a  single,  or  a  group  of  single  loads,  acting 
on  the  surface  of  a  semi-infinite  solid.  When  the  solid  has  a  Poisson's 
ratio  of  0.25,  they  found  for  the  case  of  a  single  source  of  vertical 
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lo.nJintj  o:i  Llio  I'rot!  surfaci;  that  07  per  coni  of  the  energy  was  dissi¬ 
pated  as  a  Rayleigh  (surface)  wave,  26  per  cent  as  the  shear  wave, 
and  7  pel  cent  as  a  compress  Ion  wive.  Reissner  (1937)  showed  that 
wlien  purely  torsional  oscillations  were  applit  d  at  the  surface  ct  a 
semi  -  inf  1 n i r o ,  homogeneous,  isotropic,  elastic  body,  no  surface  waves 
(Rayleigh  waves)  were  developed,  but  that  all  the  wave  energy  was 
directed  downward  Into  the  body.  Sato  (1951)  determined  theoretically 
the  combination  oi  vertical  and  horizontal  pulsating  forces  actin:j 
along  the  perimeter  of  a  circle  at  the  surface  of  a  semi-infinite 
elastic  body  to  produce  a  system  of  waves  giving  no  Rayleigh  waves. 

This  treatment  is  of  academic  Interest  only,  while  Reissner's  results 
may  have  practical  significance. 

The  dispersion  of  energy  by  the  propagation  of  clastic  waves  out¬ 
ward  from  the  source  establishes  a  quantity  which  may  be  termed  a  geo¬ 
metrical  or  dispersion  type  of  damping.  This  occurs  in  structure- 
elastic  body  .systems  in  which  there  is  no  loss  of  energy  through  Internal 
damping  within  the  elastic  material.  The  concept  of  energy  losses 
through  radiation  by  elastic  waves  applies  equally  well  to  the  cases  of 
Impulsive  or  repeated  loadings  on  footings  supported  by  an  elastic  body, 
or  for  the  supporting  portion  of  buried  structures. 

In  order  to  illustrate  the  characteristics  of  this  geometrical 
type  of  damping,  the  theory  for  oscillators  resting  on  the  surface  of 
an  elastic  semi-infinite  body  is  described  in  Section  II-D.  This  treat¬ 
ment  is  based  on  the  theories  developed  by  Reissner  (1936)  and  Sung  (1953) 
and  Includes  recent  elaborations  prepared  by  Hsieh  (1962). 
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Elastic  waves  In  porous  elastic  solids 

A  closer  approy ini.it  ion  to  the  treatment  of  elastic  waves  in  soils 
has  been  made  by  investigators  who  consider  the  behavior  of  a  porous  elastic 
solid  in  which  the  pores  were  filled  with  a  viscous  fluid,  either  air  or 
water.  .Morse  (1952)  considered  a  medium  consisting  of  solid  granular 
materials  and  fluid  which  filled  the  voids.  Then  he  assumed  the  grains 
to  be  motionless  and  Incompressible,  thereby  restricting  his  analysis  to 
the  wave  propagated  in  the  flu<d,  and  evaluated  the  dissipation  of  the  wave 
energy  by  viscous  flow  through  the  pores.  Sato  (1952)  treated  a  sphere  of 
material  which  cont-sined  a  spherical  hole  full  of  fluid.  Then  he  replaced 
this  system  by  a  sphere  of  different  radius  (but  with  the  original  com¬ 
pressibility)  of  homogeneous  material  and  determined  the  elastic  wave 
velocities  trom  this  adjusted  structure.  Thus  he  ignored  the  fluid  motion. 
Kosten  and  Zwlkker  (1949),  Paterson  (1955),  Brandt  (1955),  and  Biot  (1956) 
studied  the  elastic  waves  propagated  in  saturated  porous  materials.  Ex¬ 
pressions  for  the  compression  waves  propagated  in  the  fluid,  and  the  com¬ 
pression  and  shear  waves  propagated  in  the  solid  structure  as  well  as  the 
coupling  between  the  pore  and  frame  waves  were  presented,  Paterson  In¬ 
cluded  his  test  results  obtained  for  longitudinal  waves  in  saturated  sand 
with  various  confining  pressures,  and  Brandt  demonstrated  the  correlation 
between  his  theoretical  results  and  previously  published  data. 

The  theories  of  waves  propagated  in  porous  elastic  solids  represent 
the  best  approximation  to  granular  solids  when  the  rigidity  of  the  structural 
framework  of  the  soils  is  analyzed  by  considering  it  as  an  aggregate  of 
elastic  spheres.  This  was  done  first  by  Hara  (1935).  Gassnan  (1951)  ob¬ 
tained  a  solution  for  the  propagation  of  elastic  waves  in  a  fluid  saturated 
and  dry  hexagonal  packing  of  spheres.  However,  he  treated  only  the  cases 
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111  lu  cniiii'.iM^  ml  poiu-ii  couplinj;  Imlwot-n  rjphL.'fut>  and  he  cmis iderod 
only  i'K.  toi.la  t  forces  between  the  spher.s  as  given  by  the  Hertz 

theoiy.  Moil  reicntly.  Duify  and  Hindi  in  (1957  )  have  derived  the  differert  ial 
SI  ress-.lv.iiii  lelat  iom;  nd  have  ce-.'sidered  the  wave  propagation  in  a  face- 
ciMUitid  loeic  array  ol  elastic  spheres  in  contact.  They  considered  both 
■  ,  irrial  ind  tangential  contact  forces.  The  work  ot  Kostin  and  Zwikker 
ill.  modi  .  ications  by  Paterson,  and  that  of  Brandi,  Biot,  and  Dufly  and 
Hindii;.  were  analyzed  and  evaluated  for  an  example  corresponding  to  Ottawa 
standard  sand  by  Hardin  (1961). 

For  the  problem  of  a  fluid-saturated  aggregate  of  spherical  particles, 
the  theoretical  treatment  Indicates  that  the  disturbed  fluid  wave  has  a 
velocity  slightly  higher  than  the  velocity  of  sound  in  water.  This  is  due 
to  the  coupled  motions  of  the  frame  and  the  fluid.  Both  the  rigidity  of 
the  frame  and  the  smaller  compressibility  of  the  solid  material  cause  this 
Increase  in  velocity.  This  disturbed  fluid  wave  is  neaily  Independent  of 
the  presscre  in  the  ranges  normally  considered  in  soil  mechanics.  Both  of 
the  frame  waves,  the  compression  and  shear  waves,  were  tound  to  vary  with 
the  1/6  power  of  the  confining  pressure,  which  is  in  accordance  with  the 
theory  of  clastic  spheres  in  contact. 


B.  TESTS  OF  ELASTIC  WAVE  PROPAGATION 

Field  data 

The  science  of  seismology  includes  methods  for  evaluating  the 
effective  elastic  constants  of  the  materials  which  form  the  earth.  The 
major  part  of  this  work  has  been  concerned  with  large  volumes  of  materials 
or  distances  measured  in  thousands  of  feet  or  miles.  Hvorslev  (1948)  has 
-iven  a  concise  review  of  seismic  methods  and  has  compiled  a  diagram  which 
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s1h)w.s  thi‘  vari-it  I"  >  ol  tho  compreission  wave  velocity  for  -ioils  .ind  rocks. 
Tables  which  gi  'e  cIh'so  var  i.o.  Ions  In  wave  velocities  for  materials 
gmupcJ  l.'ie  r  itiier  loose  cjtcgorlos  have  also  bc’on  given  by  Murphy  (1958), 
Leer  (1V5U),  and  numerous  other  authors.  Kor  the  purpose  of  lllustr.; 

Table  Jl  reproduces  the  data  given  by  Leet. 


TABLE  H 


Material 


Velocity  (ft/sec) 


Sand  -  -  -  -  . 
Loess  -  .  -  -  - 
Artificial  Fill 
Alluvium  •  -  - 
Loam  .  -  -  .  . 

Clay . 

Marl  -  -  -  .  - 

Salt . 

Sandstone  -  -  - 
Limestone  -  -  - 
Slate  and  Shale 
Granite  -  -  -  - 


650-6500 

1000-2000 

1000-2000 

1600-6500 

2600-5900 

3300-9200 

5900-12,500 

15,000 

4600-14,100 

5600-21,000 

7500-15,400 

13,000-18,700 


The  values  of  velocity  given  in  Table  II  renre.seiu  the  range  of  ob.served 
values  for  the  materials  which  fall  under  the  general  calegotica  noted. 

As  a  result,  these  values  have  use  only  as  a  '’ery  crude  first  approxi¬ 
mation  to  tho  compression  wa.e  velocity  In  a  particular  volume  of  soil. 

In  order  to  determine  the  velocities  of  propagation  of  "elastic" 
waves  In  soils  within  localized  zones,  Ramspeck  and  Muller  (1936)  (DEGEBO) 
made  extensive  field  tests  on  different  soils  by  using  a  rotaclng  mess  type 
oscillator  to  excite  steady  state  waves  in  the  soil.  Their  test  results 
have  been  reproduced  repeatedly  in  papers  written  by  other  authors  since 
that  time,  often  without  a  satisfactory  reference  given  to  the  source  of 
the  Information.  Table  III  is  a  reproduction,  once  more,  of  the  summary 
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lioin  KiiniopL'i  .<  diul  NuIKt  (wiLli  tho  coinprcSbion  wave  velocity  con¬ 
vert  Kii  to  ft  /.Sec  )  . 


TARI,E  ni 


Resonant  Allowable  Bearing 

Compression  Wave  Frequency  of  the.  Capacity  of  the  Soil 


Material  Ve 

J  ni  thick  .swamp 

locity  (ft/sec) 

DLGEBO  OSCILLATOR 
cps 

(I'g/cm 

over  sand 

260 

4 

0 

riour  sand 

.360 

19.3 

1 

Tertiary  clay-damp 

430 

21.8 

Loamy  fine  sand 

460 

20.7 

. 

Damp  medium  sand 

460 

21.8 

2 

Jura  clay,  da,mp 

490 

- 

.. 

Old  piled  sand-slag 
Medium  sand  and 

530 

• 

- 

water 

530 

. 

2 

Dry  medium  sand 

Loamy  sand  over 

530 

22 

2 

marl 

360 

22.6 

2.5 

Gravel  with  stones 

590 

23.5 

2.5 

Damp  loam 

620 

23.6 

. 

Rocky  marl 

Fine  sand  +  307. 

620 

23.8 

3 

med,  sand 

Dry  sand  +  lime 

620 

24.2 

3 

fragments 

660 

25.3 

- 

Ned.  sand-undisturbed 

720 

- 

4 

Marl 

Gravel  under  4  m 

720 

23.7 

4 

sand 

Large  gravel,  com¬ 

1080 

- 

4.5 

pact 

380 

30 

4.5 

Mixed  sandstone 

1640 

32 

.. 

Medium  hard  red  marl 

2130 

. 

Mixed  sandstone 

3600 

• 

Because  a  single  value 

of  velocity  was 

given  for  each  type 

of  material, 

the  Informction  in  Table  III  has  often  been  u-ed  with  considerably  more 
contidence  than  is  Justified. 


Mcinbci  h  of  I.  tio  Earthquaki.*  Research  Jnstitiito  in  Japan  fiavu  alstj 
nado  r  iny  outstanding  contributions  lo  the  study  of  elastic  wave  piupa- 
gatinns  in  soils,  for  instance,  Nasu  (1949)  used  a  steady  state  oscil¬ 
lator  to  doLoi  lino  L  lio  velocltlo"  of  the  compression  and  shear  waves  i 
.s.-im  Irt  Tokyo  and  from  theur  n;easured  velocisies  he  computed  the  elastic 
■oil  constants.  The  velocities  were  determined  between  the  soil  surface 
and  a  depth  of  10  meters.  For  this  material  he  found  that  the  computed 
shear  modulus  of  elasticity,  G,  and  the  Poisson's  ratio  varied  from  670  psi 
and  0.3«  at  the  --urface  to  8900  psi  and  0.43  at  a  depth  of  10  meters,  re¬ 
spectively.  This  is  one  of  the  many  illustrations  from  field  measurements 
that  even  for  cohesive  materials  the  wave  velocities  and  elastic  constants 
vary  markedly  with  depth,  or  overburden  pressure. 

The  use  of  pulse  techniques  or  steady  state  vibrations  for  purposes 
of  evaluating  the  properties  of  soil  in  a  partirnlar  locality  has  been 
termed  *'M.icrotcismic£**  by  Bernhard  (1957)  to  designate  the  propagation  and 
evaluation  of  elastic  waves  in  soils  within  a  distance  of  a  few  hundred 
feet.  He  has  described  numerous  evaluations  of  soil  properties  determined 
from  the  elastic  waves  generated  hy  his  s. .cially  designed  mechanical  oscll 
lator.  The  use  of  steady  state  vibrations  for  field  evaluations  of  sub¬ 
base  conditions  of  highways  and  airports  h.is  become  fairly  common  during  th 
past  decade.  [^Van  der  Poel  (1948,  1953),  Bergstrom  and  Linderbolm  (1946), 
Jones  (1958)'^  Papers  presented  at  the  Symposium  on  Vibration  Testing  of 
Roads  and  Runways,  Amsterdam  (1959),  and  Heukclom  and  Foster  (1960),  for 
example,  all  described  the  techniques  and  significance  of  the  results  which 
have  been  obtained  by  thi«  method.  It  appears  that  the  vibration  test 
represents  a  non-destructive  dynamic  equivalent  of  the  plate  bearing  test, 
with  the  added  advantage  that  by  changing  the  frequency,  different  depths 
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>oi  L  can  be  I  i  ought  into  Llie  range  of  the  tebt. 

Techniques  for  evaluating  soil  inopertles  by  analyzing  tiie  clastic 
waves  genet  ated  by  .1  single  impulse  have,  of  course,  been  used  extensively 
in  sc  i  sn;ol  og  ic  .1 1  prospecting.  See,  for  example,  Ho.r.zal  sk  1  (1936).  l.'-u.illy, 
a  s',11.1 !  I  exolosion  is  used  to  generate  the  impulse.  Reflection  anc.  refrac- 
'  ion  techniques  have  also  been  used  for  localized  zones,  parciculaily  in 
highway  work,  in  which  the  impulse  is  geiier.ited  by  a  hammer  blow  on  the  sur¬ 
face.  The  purpose  of  this  type  ol  survey  Is  usually  to  locate  the  Interfaces 
between  different  soil  types  or  to  determine  the  surface  elevation  of  rock. 
Another  variation  of  this  concept  of  evaluating  soil  constants  by  a  pulse 
technique  involves  pulsing  between  small  transducers  placed  on  or  slightly 
into  the  soil.  Ilaitillton.  Shuraway,  Menard,  and  Shipok  (1956)  have  used  this 
technique  to  measure  the  sound  velocities  of  sediments  on  the  sea  bottom. 

By  this  method,  they  have  determined  the  velocity  of  the  coupled  fluid  wave. 
The  transducers  were  set  into  the  sea  oottom  by  divers. 

At  the  present  lime,  the  use  of  steady  state  oscillators  on  the 
ground  surface  appears  to  be  developing  into  a  standard  tool  for  a  localized 
evaluation  of  the  dynamic  soil  constants.  The  procedure  described  by  Heiik- 
elom  and  Foster  (1960)  for  determining  the  Interfaces  between  layers  in  the 
soil  appears  to  work,  but  the  theoretical  justification  of  the  reason  for 
plotting  the  measured  velocity  against  a  depth  corresponding  to  one-half  the 
wave  length  does  not  appear  to  be  readily  available.  The  method  of  pulsing 
between  probes  also  has  Interesting  possibilities,  but  for  evaluation  of  the 
frame  waves,  some  alternate  procedure  should  be  developed  to  produce  and 


detect  shear  waves. 
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L.iboi  iL.ny  djt.i 

Two  mothod.i  iirc  oftt-n  used  in  the  laboratory  to  measure  the  dynamic 
properties  ot  m.iterlaU.  In  the  first  method  a  cylindrical  column  of  the 
Miitetial  IS  set  into  resonance  by  a  variable  frequency  exciter,  and  the 
wave  vtloeitles  and  elastic  properties  are  computed  from  the  dynamic 
ro;-poiise  of  the  sample  to  changes  in  frequency.  The  equations  for  romputlng 
the  clastic  constants  from  the  resonant  column  tests  were  given  by  Pickett 
(,19^“)).  Both  longitudinal  and  torsional  modes  of  oscillation  are  used.  In 
the  second  method  a  pulse  is  sene  through  the  sample  and  the  time  delay  Is 
measured.  A  review  of  the  sonic  metlu^ds  for  determining  the  mechanical 
properties  of  materials  is  given  by  Kessler  and  Chang  (1957), 

Birch  and  Bancroft  (1938,  1938,  1940)  made  extensive  use  of  the 
resonant  column  method  for  evaluating  the  clastic  constants  of  rocks  under 
variable  temperatures  and  pressures  up  to  9000  kg/cm^.  They  found  an  appreci¬ 
able  Increase  in  shear  wave  velocity  with  pressure,  in  tests  to  evaluate 
Che  effects  of  frequency,  they  found  an  influence  of  less  than  1  per  cent 
on  the  wave  velocities  within  a  frequency  range  of  140-(i500  cps.  Pcsel- 
nick  and  Outerbridge  (1961)  also  found  the  effect  of  frequency  to  be  unim¬ 
portant.  For  a  range  from  4  to  10^  cps  the  shear  modulus  of  Solpiihofen 
limestone  varied  less  than  2  per  cent. 

lida  (1939)  also  determined  the  elastic  constants  of  rock  by  the 
resonance  method,  then  ran  extensive  tests  on  sands  (Ilda  1938.  1939,  1940). 
Primarily  he  determined  the  longitudinal  wave  velocities  but  he  included 
some  tests  for  the  torsional  wave  velocities  on  dry  and  saturated  sands. 

He  used  vertical  cylinders  of  sand  retained  only  by  thin  cellophane  shells 
such  that  the  only  confining  pressure  of  the  material  at  any  depth  wa.s  pro 
duced  by  the  overburden.  In  his  tests  to  evaluate  the  effects  of  change  of 


Will  if  ciMitciiC,  lu'  touiiii  lli.iL  li;'  i  iil  i  e.ib  iiif’  the-  water  content,  the  shear 
^lodlllus  was  di ast ; i  .i  1  I  y  redueetl.  as  night  be  anticipated  for  sands  under 
conditions  ot  low  conliniog  piessures.  He  found  that  for  a  particular 
w.'il  ei  content,  tnewtve  velocities  increased  approximatelv  in  proportion 
to  the  1/0  power  of  the  height  of  the  specimen. 

The  results  of  the  tests  by  Matsukawa  and  Hunter  (1956),  Duffy  and 
Mli:dtin  (195/),  Shannon,  Yammane ,  and  Dletrieh  (1959),  and  Taylor  and 
Whitman  (1954)  were  summarized  in  Fig.  6  of  the  paper  by  Richart  (1960). 

From  this  group  of  test  results  on  granular  materials,  it  is  seen  that  the 
wave  velocities  increase  at  a  rate  between  the  1/4  and  1/6  power  of  the 
cot, fining  pressure.  Further  test  data  by  Hardin  (1961)  on  Ottawa  sand 
also  snows  tills  behavior.  However,  tor  materials  designated  ae.  granular 
materials,  Smoots,  Stickel  and  Fischer  (1961)  report  a  much  wider  variation 
in  the  effect  of  confining  pressure  on  the  wave  velocities.  Wilson  and  Miller 
(19ol)  give  results  for  materials  ranging  from  "medium  fine  clean  sand"  to 
"clayey  gravelly  sand"  and  found  the  slopes  of  the  compression  wave  velocity 
vs.  confining  pressure  curves  (plotted  on  rhe  log* log  scale)  to  be  1/6  or 
lower.  Generally  the  clean  materials  followed  the  1/b  slope  and  the  ma¬ 
terials  having  scraie  clay  content  showed  the  flatter  slope. 

From  the  test  results  gathered  together  up  to  the  present  time,  it 
appears  that  the  clastic  wave  velocities  (both  compression  and  shear  for 
clean  granular  materials)  increase  about  in  pronurtlon  to  the  1/6  power  of 
the  confining  pressure  at  relatively  high  pressures,  and  may  drop  off  to 
about  proportional  to  the  1/4  power  at  low  or  moderate  pressures.  This 
means  that  the  elastic  moduli  vary  with  a  power  of  the  confining  pressure 
between  0.33  and  0,50.  Hardin  (1961)  showed  the  influence  of  change  in  void 
ratio  for  Ottawa  standard  sand,  which  brings  out  the  possioility  that  some 


1-12 


of  tho  .-.tojpi'r  slope's  nriy  iiii  ludo  rhe  cflotts  of  void  rjlio  c>’angcs. 

for  sills  .Hid  el  lys  the  o''ieoL  of  confining  pressure'  ire  not  yi’t 
e  loirly  'ie'finod.  Sivtio  dat.i  on  clays  shown  by  Brandi  fl.955),  and  thal  given 
by  Wilson  .inel  nieliicli  (196i)  illii.siralo  oMUenie  rringes  of  the  effeef-' 
confining  pressure  on  the  cor.]  "essior!  wave  velocity.  A  lew  pilot  tests  bv 
Hardin  (1961)  help  to  point  out  some  of  the  problems  Involved  in  testing 
fine-grained  materials  by  the  reson.ancc  metbeid,  Hardin  used  crushed  quartz 
powder  of  which  100  per  cent  passed  the  No.  200  sieve  and  about  80  per  cent 
p<issed  the  No.  AOO  sieve.  The  mln„num  and  maximum  void  ratios  obtained  for 
this  material  were  0.76  and  3.0j.  As  the  pressure  was  increased  to  the  next 
test  pressure,  consolidation  of  the  m-aterial  occurred  and  moved  the  dynamic 
response  of  the  specimen  into  the  regime  of  the  new  slightly  lower  void 
ratio.  As  f  result  of  the  consolidation  which  occurred  the  process  of 
increasing  the  test  pre.ssuros.  the  resultant  test  curve  had  a  slope  greater 
than  1/6.  Upon  reducing  the  pressure  by  increments,  and  measuring  the 
dynamic  properties  at  each  of  these  steps,  it  was  found  that  the  effect  of 
pressure  was  relatively  insignificant  becau-.-e  the  shear  wave  velocity  varied 
approximately  as  the  l/ll  power  of  rhe  prp.s.si  re  valije, 

Th<!  pulse  method  has  been  used  for  studying  the  effects  of  consolida¬ 
tion  on  elastic  wave  velocities  and  dynamic  moduli.  Laughton  (1957)  deter¬ 
mined  the  variation  of  the  compression  wave  with  confining  pressure,  and 
Whitman,  Roberts,  and  Hio  (I960)  have  reviewed  Laughton's  work  particularly 
with  respect  to  the  effects  of  degree  of  consolidation,  as  well  as  contributing 
new  Information  obtained  by  the  pulse  method.  The  pulse  method  is  par¬ 
ticularly  well  suited  for  the  problem  of  measuring  the  difference  between  the 
elastic  wave  velocities  in  the  horizontal  and  vertical  directions.  Ward, 
Samuels,  and  Butler  (1959)  used  the  pulse  technique  on  undisturbed  blocks 
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'’I  <  1  IN  ly  witJ'  til)  lui’f  i II i iij'  pi  f'- sii r o  .  I’l  iitrilcr  to  dctorniliie  the 

o  1  1 ; t  i f  coil bt  int  •< . 

Thus,  t ,  f  ino- gt  .lirn.i'i  «-',is  wo  bovo  the  problen  of  consol  Idat  fon 
dii.  iiic  the  inrro.iso  .f  lonJuip,,  ind  iftcr  uiilaiding  we  h:;vc  the  offoi  t  .  f 
pi'o  si  r  o ,  SysLoiiMtlc  and  contprohon  i  i  vc  invest  ig  it  ions  must  bo  ni:ido  lo 
iv.il  lie  the  effects  of  soil  composition  and  srrucrure,  water  content,  con 
lining  pressure,  prestress,  and  other  varieblcs  on  the  dynamic  properties 
of  silts  ind  clay  soils. 

It  should  be  noted  that  mui  h  of  the  significant  work  in  the  dynamic 
properties  of  soils  has  been  carried  out  within  the  past  ten  years,  and 
tliuL  cin  accelerated  activity  has  occurred  within  the  past  three  or  four 
years . 


C.  DAMPING  OF  EIASTIC  WAVES  IN  SOILS 
Many  field  Investigations  have  been  made  of  the  effects  of  elastic 
wave  propagation  and  its  effect  on  structures  at  some  distance  from  the 
source  of  vibrations.  Crandell  (194Q)  redneed  t''c  observations  from 
numerous  tests  of  blasting  and  its  effects  on  structures  to  equations  and 
design  charts  which  may  be  used  lo  prevent  structural  damige.  Steffens 
(1952)  and  the  Building  Research  Station  (1955)  have  determined  the  vibration 
intensity  which  causes  various  degrees  of  structural  damage,  and  Relher 
and  Melster  (1931)  have  determined  the  human  .sensitivity  to  vibrations. 

These  studies  represent  analyses  of  the>  effects  of  vibrations  which  may  be 
transmitted  through  soils.  What  is  lacking  is  a  good  unde-rstand log  of  the 
propagation  and  dissipation  of  this  wave  energy  between  the  source  and  the 
responding  structure. 
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Elastic  waves  whitb  are  developed  from  a  locaH<ied  source  decrease 

111  a.iiplilude  witli  distance  from  flic  source.  For  the  elastic,  isotropic. 

homogii'eous ,  semi  -  Iiif  liifte  body.  Lamb  (19C'i)  found  that  both  the  hotizonta] 

and  vertl.al  components  of  the  Rayleigh  wave  ainplieude  diniiiii«'h  decorn.  .p 

/ 

to  the  law  of  annular  divergence  (i.e.  w.vb  /'  .  nils  reuucLion  oi  win. 

a.iiplitude  is  due  to  geometry  alone,  because  the  assumption  of  an  Ideal 
elastic  body  precludes  energy  losses  because  of  Internal  da.mpipg  within 
the  nicdlum. 

In  soils,  It  is  deslrab,..  teat  the  wave  energy  developed  by  blast 
loads,  pile  driving,  reciprocating  machinery,  or  construction  operations  he 
absorbed  by  the  supporting  soil  and  not  transmitted  to  neighboring  structures. 
Consequently,  it  Is  desirable  to  evaluate  the  factors  that  contribute  to  the 
damping  capacity  of  different  types  of  soils 

Mintrop  (19U)  made  the  first  comprehensive  study  of  the  energy  trans¬ 
mitted  through  soils  to  nearby  structures.  He  used  a  single  impact  developed 
by  dropping  a  AOOO  kg  ball  through  a  distant e  of  14  meters,  and  using  a 
seismograph  which  had  a  magnification  of  50,000  times,  he  obtained  readings 
up  to  2.5  km  away.  The  soil  was  a  stiff  clay.  Ho  also  used  steady  state 
vibrations  which  were  generated  by  bor izont al -cy 1 inder  type  coal-gas  engines 
which  operated  at  140-160  rpm  and  generated  largo  unbalanced  forces  (up  to 
17,000  kg  horizontally,  25,000  kg  vertically).  Readings  were  made  400  m 
away.  Bornitz  (1931)  made  similar  observations  in  the  neighborhood  of  a 
large  bore,  slow  speed  machine,  and  lOoR  mcasurc.ments  at  different  depths 
on  the  boundary  of  a  convenient  vertical  mine  shaft,  down  to  a  depth  of  250  m. 
He  described  the  amplitude  of  the  propagated  wave  as 

(X(Xn  ~ 
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wlii.li.  V/;  i  I  i  I  iitlf  111  dtsliincu  '-n  .  ^1  IS  iho  aiuiilitude  at 

dislaiKL'  ,  Dll  is  dffiiied  .is  an  aiisorbt  Ion  toel  1  ic  it  nl.  (In  l’uo 

Hol  t  ii'coiu  1  iteidl  Dll'  on  a<  oiift  Ir s  ,  the  Tijaiuity  CK,  corrf.sponds  to  thi 
.  I  I  I'l  i.' join  of  at  i  enti.ir  Ion ,  which  is  <  inoasurf  of  the  dot  ay  in  i  ttnsity 
l  o  1  w'.iVt  ■  ith  d  ist  .inci’ i  ,  i;.  Kq  .  (  1  •  LM  i  i:  i .see!'  tw  i  t'e  .. 

'■'I  Unde  vai  it’s  both  as  a  function  of  the  annular  divergence,  as  noted  by 
Lmb  (1904),  and  as  ;i  function  of  the  nb.sorbtion  coefficient,  C^-  .  Values 
of  '  wore  determined  as  0  00001/m  for  the  mirshy  soil  of  the  Oder  river 
flats,  0.001/m  for  a  deposit  of  loamy,  clayey  soil,  and  0.003/m  for  a  layer 
ol  fine-grained,  dense  dry  sand  over  a  laver  of  heavy  clay.  These  are  only 
representative  values,  obtained  for  a  particular  amplitude  of  vibration  at 
a  particular  frequency. 

Experimental  results  of  the  damping  in  various  solid  and  granular 
materials  have  shown  that  damping  occurs  even  for  very  small  strains. 

Often  this  damping  effect,  or  the  deviation  from  Hooke's  law,  is  not  of 
practical  importance  but  it  is  of  considerable  interest  to  evaluate  the 
quantities  which  influence  its  magnitude.  The  te.sl  s  on  steel  spheres  by 
Duffy  and  Nindlin  (1957)  found  that  the  logarithmic  decremciic  was  independent 
of  the  amplitude  of  vibration  within  the  range  crpi-yc-J.  Tlie  energy  dissi¬ 
pated  per  cycle  varied  with  the  squaie  of  thi":  amplitude  Instead  of  as 
the  cube,  as  predicted  by  theory.  Knopoff  and  MacDonald  (1958)  found 
that  the  .specific  dissipation  function  (which  contains  the  coefficient  of 
attenuation,  (X  )  was  independent  of  the  frequency  over  a  range  of  10’^ 
to  10^  cps  for  solids  other  than  ferromagnetic  material.  Data  for  Amherst 
sandstone  shows  that  the  logarithmic  decrement  was  independent  of  frequenev 
in  the  dry  condition,  but  that  it  depended  on  frequency  in  the  moist  state. 
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Numerous  ocher  studies  have  been  made  of  parts  of  the  problem  of 
elastic  wave  damping  in  solid  materials,  granular  materials,  or  suspensions 
Papers  by  Hamilton  (1956),  Nyborg,  Rudniek,  and  Schilling  (1950),  Shumway 
(I960),  to  note  a  feu,  have  each  treated  a  part  of  the  problem  by  .studying 
•selected  materials. 


I 
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11.  REVIEW  OF  FUNDAMENTAL  CONCEPTS 
FOR  DAMPING  AND  WAVE  PROPAGATION 

A.  ONE-DEGREE-OF-FREEDOM  VIBRATIONS  WITH  VISCOUS  DAMPING 

Buc.iuse  the  terms  and  equations  corresponding  to  ciiis  theory  are 
applied  so  frequently  for  evaluation  of  damping,  a  brief  review  is  justified. 

The  components  of  the  vibrating 
systems,  shown  in  Fig.  2-1,  ate  a  single 
weight  W  which  slides  on  a  frictiuiiless 
base,  an  elastic  spring  with  a  spring  constant 
^  ,  a  dashpot  or  viscous  damper  which 

develops  a  force  directly  proportional 
to  the  velocity,  and  a  force  Q(t)  varying 
with  time.  By  use  of  D'Alembert's  principle, 
the  equation  of  equilibrium  at  any  instant  is 
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Determination  of  logarithmic  decrement  from  free  vit rations  with  viscous 
damping 

For  the  special  case  when  Q(l)  -  0,  we  have  free  vibrations  with 
viscous  damping  and  Eq,  (2-1)  may  be  rearranged  to  read. 
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_c_ 

dt^  m  dt 


in  whicli 

'r 

and 

Tht>  smallnsr  ainounc  o!  damping  required  to  prevent  periodic  motion  is 
called  the  "critical  damping."  Its  value  is  expressed  by 

Q«  =Zmui  ~  Zm-/^  ~  (2-3) 


-O 

w 


(2-2) 


The  case  of  most  interest  for  the  material  dtuTiping  problem  is  that  for 
underdamp ing,  in  which  periodic  motion  occurs  with  amplitudes  decreasing 
with  time.  For  this  case  the  solution  of  Eq.  (2-2)  is 


x= 


Zm  ^ 


/r-  \Z.  ,  d  Zm  Xo  !  ~ 


(2-4) 


in  which  Xo  initial  displacement  at  time  t  =  0 

is  an  Initial  velocity  at  time  t  ••  0 
^  is  the  base  of  natural  logarithms. 

On  a  plot  of  displacement  vs.  time  (Fig.  2-2),  Eq.  (2-3)  defines  a  sinusoidal 
type  curve  with  decreasing  amplitude. 
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b 


If  uc.  take  advantage  of  the  fact  that  the  maximum  point  on  the  sin  curve,  is 

-S-  f 


Zm 


very  close  to  the  point  of  tangency  with  the  ^  —  curve,  we  can 
approximate  the  ratio  of  successive  peaks,  X;  and  X2  ,  at  the  times 
"t !  and  ^2  •  The  interval  reprr.^rnts  rhp  period,  T.  Thus, 


X, 


-J£.  f 
.  2^;  ^2 


e  2 


7/n 


=  e 


=  e 


2/n 


(2-5) 


The  period  is  equal  to  the  reciprocal  of  the  frequency  of  oscillation,  or 


r  = 


(2-6) 


Then  by  substituting  Eq.  (2-6)  into  (2-5)  and  taking  the  logarithm  of 
both  sides. 
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LOGARITHMIC  DECREMENT  (2-7) 


From  Eq.  (2-7)  it  is  evident  chat  for  small  values  of  , 

CcfK 


S  ^  Zjr 


Forced  vibrations  with  viscous  damping 

When  the  exciting  force  has  Che  form 

dl(t)  =  Qi  S/n  60}  t 


in  which  (Ji  is  a  constant,  the  solution  of  Eq,  (2-1)  determines  the  ampli¬ 
tude-frequency  relation 


a 


X  = 


% 


J[/  ] 


(2-8) 


2  ^  6c)(  1  ^ 


Since  represents  the  static  displacement,  As  i  of  the  systf^m 

under  an  impuseu  force  of  magnitude  Ci/  ,  Eq.  (2-8)  is  often  rearranged  as 


i 

I 

i 

I 

m 

I 

I 

! 

I 


2-5 


Fig. 
of  Freedom 


2-3.  Amplitude-Frequency 
System  with  Viscous  DOiTiplng 


Curves  for  One-Degree 
Constant  Force  Excitation. 
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-  (ta 

\  id 


(2-9) 


and  is  iepr»;scnted  graphically  in  Fig.  2-3. 

The  exciting  force  may  also  be  developed  by  an  unbalanced  mass 
at  an  eccentric  radius  rotating  at  the  exciting  frequency 

Then 

61ft)  -rn,e,OJ^  s/n  CO,  t  (2- 

With  the  exciting  force  defined  by  Eq.  (2-10)  the  solution  of  Eq.  (2-4) 
is 


Fig.  (2-6)  illustrates  the  relation  between 


and  the  fre¬ 


quency  ratio  for  different  values  of  the  damping  ratio 

Damping  determined  from  the  amplitude-frequency  curve 

From  computations  based  on  Eq.  (2-9)  for  the  constant  force  type  of 
excitation  the  logarithmic  decrement  can  be  defined  in  terms  taken  directly 
from  an  experimental  amplitude-frequency  curve.  Tt  depends  primarily  on 
the  frequency  range  bounded  by  the  curve  at  a  specified  amplitude.  The 
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general  expre.ssioii  is 


Usually  Lhc  terms  in  the  brackets  are  nearly  equal 
to  I  0  For  convenience,  Eq  (2-12)  is  uiten  used 
in  one  of  the  follnuing  forms 


<r-  Lsm 


4  ftkTO.  5  An 


or 


<r  =  TT 


AfAT  0.707 /4mA Je. 

fo 


Ff?£QUE7JCr 

Fig.  2-5 


B.  ADDITIONAL  METHODS  FOR  EVALUM XNU  MATERIAL  DAMPING 

The  literature  covering  internal  damping  in  materials,  particularly 
for  metals,  is  voluminous.  An  indication  of  the  type  of  work  represented 
in  these  studies  may  be  found  in  the  rcfc';nces  in  the  report  of  Jensen 
(1959)  or  in  the  bibliography  prepared  by  Den.er  (1956).  The  terminology 
and  definitions  used  in  the  following  paragraphs  will  follow  those  given  by 
Jensen . 

One  list  of  the  quantitative  expressions  used  to  define  the  internal 
damping  of  materials  includes:  viscosity,  damping  capacity,  constant  of 
internal  friction,  hysteretic  constant,  specific  damping  capacity,  log¬ 
arithmic  decrement,  elastic-phase  constant,  and  coefficient  of  internal 


i 
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trice  ion.  Olhci  terms  which  m.iv  bo  added  to  this  List  are.  damping 
modulus,  ri‘soiMnco-am|i  I  i  t  Lcat  ton  factor,  damping  factor,  spocilic  damplii^ 
energy,  st t esa- st ra i n  pliase  angle,  specific  dissipation  function,  and 
at  tenuat ion. 

Of  these  terms,  the  logarithn.lc  decrement  was  described  Ljy  Eq.  (2  i) 
and  the  resonance-amplification  factor  was  described  graphically  bv 
Fig.  (2-3)  and  its  relation  to  the  logarith.mlc  decrement  was  defined  by 
Eq.  (2-12),  A  measure  of  the  torco-displacement  phase  angle  can  also  be 
obtained  frc.i,  she  theory  described  in  Section  II-.A. 

Specific  damping  capacity 

The  term  "specific  damping  capacity"  has  been  used  to  Indicate  the 
ratio  of  the  energy  absorbed  in  one  cycle  of  vibration  to  the  potential 
energy  at  aiaxiiriuni  displacement  in  that  cycle.  The  "damping  capacity" 
thus  defined  has  a  fairly  wide  acceptance  and  may  be  expressed  in  per  cent 
or  as  a  decimal.  In  terms  of  the  stress-strain  diagram  the  damping  capacity 
represents  the  ratio  of  the  area  enclosed  hy  the  hysteresis  loop  to  the 
total  area  under  the  input  curve,  or 


2^  W 


(2.13) 


The  relationship  between  the  specific  damping  capacity  and  the  logarithmic 
decrement  for  a  particular  decay  curve  is 


(2.U) 
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3y  expanding,  g  Into  a 

scries,  Cq.  (2-l'^0  lieconies 


'  If  Zf  3/ 


and  for  small  values  of  <S,  P^ZS. 


Attenuation  constant  and  apeclf* 

Ic  dtaalpatlon  function 

Often  It  la  desirable 
to  evaluate  the  decrease  In  am* 
plltude  of  vibration  as  a  func¬ 
tion  of  distance  from  a  source.  In  addition  to  the  reduction  in  amplitude 
caused  by  geometrical  dispersion  of  the  wave  energy  there  is  a  reduction 
caused  by  energy  losses  within  the  soli.  This  Is  designated  an  "attenu¬ 
ation,"  a  measure  of  energy  loss  as  a  function  of  distance  and  It  Is 
measured  In  terms  of  the  coefficient  of  attenuation,  ,  The  coef¬ 

ficient  of  attenuation  Is  related  to  the  logarithmic  decrement  by 


c/  -  ^JfCoL 

CO 


(2-16) 


In  which  C  Is  the  phase  velocity  and  Is  the  frequency  of  the 

propagating  wave, 

A  variation  of  this  attenuation  constant  determines  the  specific 
dissipation  function,  /ft  .  Thus  the  relation  Is 
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1  =  jl£i£ 

(2  cxj 


(2-17) 


Summary  of 
of-t'roudom 
A 
A 

max 

C 

Cc« 

f  -  %r 

fo 

P 

l/Q 

w 

4  w 
cx 
<5- 
cu 


Lhu  quant  It  le ^ used  to  evaluate  clamping  t 
aystem  wiLli  viscous  dampinR 
=  amplitude  of  the  vibrations  at  a  given 
“  maximum  amplitude  of  vibration 
=  phase  velocity  u£  wave  ptupagation 

■  daiiiping  ratio 

"  frequency  of  vibration 
“  lesoiiaiit  frequency 
-  specific  damping  capacity 
“  specific  dissipation  function 
"  maximum  energy  available  in  one  cycle 

■  energy  dissipated  in  that  cycle 

■  coefficient  of  attenuation 
“  logarithmic  decrement 

■  angular  frequency  of  the  vibration 


rom  linear 


frequency 


one-degree- 


f 


(2-7) 


(2-12) 
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C.  SYSTEM  WITH  NON-l.TNKAR  STR^SS-STKATN  RF|>TION 

Numerous  solutions  are  available  in  the  literature  concerning  the 
amplitude-trcquency  diagrams  which  result  from  a  spring  which  exhibits 
non-linear  characteristics.  Solutions  for  some  of  these  problems  are 
given  by  Timoshenko  (1955),  fot  example. 

In  this  type  of  problem  the  loading  and 
unloading  curves  are  Identical  and  no 
energy  is  lost  within  the  spring. 

A  more  realistic  theory  has  been 
developed  hy  Pisarenko  (1962)  which  in¬ 
cludes  both  the  non-linear  stress-strain 
relations  for  the  material  and  the  energy 

FIb 

losses  during  a  loading  cycle. 

Among  the  problems  treated  by 
Pisarenko  was  that  for  the  torsional 

oscillation  of  a  circular  shaft  which  has  a  non-linear  stress-strain  relauion- 
ship  as  illustrated  in  Fig.  2-8.  The  details  of  this  solution  are  reproduced 
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hoiu  in  order  Lh.’ir  the  quantitios  involved  as  well  as  the  amplitude 
response  curve  may  l)e  compared  with  the  «'xper  Imenta  1  data  given  in 
Section  HI. 

He  assumed  that  the  equation  for  Increasing  stress  is 


r( 


(2-20) 


and  the  equation  for  decreasing  stress  is 


c/r,r 
d  Ky 


(?[/  +r{i 


/I 


5*1 


(2-21) 


where  ‘^Vffnax.)  amplitude  of  the  shear  vibration  and  H 

and  S  are  hysteresis  parameters  to  be  determined  experimentally. 
If  we  let  —  Si-/  and  integrate  the  above  equations  we  have 


^  =: 


C  n  r /  .  X  ^  n  I 


(2-22) 


Equations  (2-22)  are  integrated  over  a  circular  shaft  to  determine  the 
expressions  for  moment.  These  are  substituted  into  the  equilibrium 
equation  which  gives. 


d^<^(>^,-6)  _  c) 


dx'‘ 


e  dt^  ^ 


CPS  cot 


(2-23) 
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whore  <P(_X,t)  roprosonLs  the  twlsL  along  the  shaft,  6  is  a  small 
paraniotoi  ,  ^  roptesoius  the  driving  force  and  is  given  by 


-r  [r 
-  Y- 


d(P„,()C) 


d  x 

■A-v  / 

c/k 


; 


4r5 


JL't 


A  solution  to  Eq.  (2-23)  is  sought  in  rhe  form 

UJ~  -  Cu^  +  6  <Jof  -h  f.  Li'z.  -f  . 

^  -h  o^z-r  ■•  •• 


where  <^o  is  the  amplitude  of  vibrations*  is  the  natural  frequency 

of  vibrations  of  the  bar  and  OC  is  the  phase  angle  between  force  and 
displacement.  A  solution  which  includes  the  first  two  terms  of  the  scries 
approximations  given  above  is  found  for  the  boundary  conditions  of  a  bar 
fixed  at  both  ends  and  is  given  by 


lern  r  <t>o 

{ji.+VJS.'- 
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rn 
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e. 
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Sin  CL,  - 


.  A.  !  JLtI  ,  A-  r 

dr  ^..CA _  cos^-'rr^  s,n^igLc/K 

SAA+5)  J  ^ 


(2-25) 


,  ,  A  ^  A-/  -I  . 

I-cosB)  -Z 


sin  6  <40 


The  above  equations  were  solve'^  for  rhe  conditions  representative 
for  Ottawa  sand.  The  values  used  were  as  follows. 


(4.)  -  0.003 

'  •‘"/lax. 


18,000  lb. /in. 2 


-  50  cm. 


2  X  10'  (calculated  to  give  a  value  of 

S  0.10) 


The  resulting  resonance  curve  is  shown  in  Fig.  (2-9).  The 
var..ation  of  the  frequency  of  maximum  amplitude  v/ith  exciting  force 
is  a  second  degree  parabola  with  its  origin  at  “  1 . 0  as 

shown  by  the  dashed  line.  The  stress-strain  relationships  used  in  the 
derivation  are  such  that  the  logarithmic  decrement  will  be  independent 
of  the  magnitude  of  vlbiatlons. 


D.  EXAMPLE  OF  DISPERSION  DAMPING  IN  IDEAL  ELASTIC  SOLIDS 


A  dispersion  type  damping  results  from  the  loss  of  energy  through 
radiation  by  elastic  waves  from  a  source.  In  the  example  to  be  considered, 
the  source  of  input  energy  is  an  oscillator  vibrating  vertically  on  the 
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builaci.'  01  a  n'Tiii- inf  lull  o  ideal  elastic  solid  which  has  weight.  Reissner 
(lyjfa)  developed  the  theory  and  considered  that  the  oscillator  produced  a 
i.niluinily  distrlhuied  pressure  over  the  circular  contact  area.  Sung  (1953) 
extended  Reissner 's  theory  to  cover  the  cases  for  which  the  stress  distri- 
hution  was  piiaboiic,  uniform,  or  corresponded  to  that  produced  by  a  rigid 
hasi'.  The  latter  case  appears  to  be  the  best  approximation  to  actual  con¬ 
ditions.  Recently.  Hsich  (1962)  has  rewoiked  the  fundamental  ec|uations  in 
the  Reissner-Sung  theory  in  order  to  place  them  in  a  form  comparable  to 
that  developed  for  the  conventional  one-degree-of-freedom  system  with 
viscous  damping.  The  following  equations  are  a  condensation  of  Hsleh's 
study . 

In  order  to  evaluate  the  force 
traiKsmltted  to  the  elastic  body  we  first 
consider  a  waighcless  rigid  circular 
disk  which  rests  on  the  surface  of  the 
body  (Fig.  2*10).  The  elastic  body  is 
homogeneous  and  Isotropic,  has  a  shear 
modulus,  Q  ,  and  a  mass  density  of 
^  (-  •  A  vertical  periodic  fig-  2-10 

force  P  s  acts  on  the  disk.  The  vertical  displacement  (jj  , 

given  by  the  Reissner-Sung  theory  is 


(2-26) 


in  which  ^  and  ^  are  functions  of  the  frequency  of  oscillation, 

(  -^/zw)  .  The  time  variable  is  t  and  e  “  2.71828 - . 
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In  order  Lo  elitnin;Ue  thi-  imaginury  Lerm,  Hsieh  Look  the  derivativi-  of 
Eq .  (2-20)  with  respect  to  time  to  obtain 


das  _  2  Ci) 

dt  '  6  r\ 


(2-77) 


aiv.  b)  combining  Eqs.  (2-26)  and  {2-21)  he  determined 


[f^a 


(2-28) 


P  = 


_~C7  7^0  / \  dur 


Oj 


-h  GrJ-Jt — W 


Eq.  (2-28)  indicates  that  the  force  transmitted  to  the  elastic  body  is 
a  function  not  only  of  the  displacement  of  the  disk,  but  also  is  a 
function  of  its  velocity.  For  convenience  in  computations,  the  dimen¬ 
sionless  freque.  "y  term,  CZ^  ,  from  the  Reissner-Surig  theory. 


CL.  =  cur^-t/4-  - 


X. 


—  G. 


zjt  n 

u 


(2-29) 


may  be  substituted  into  Eq.  (2-28).  Then  by  using  the  notation. 


P  = 


zIl. 


(2-30) 


P  - 


f, 

■'/  J  2, 


Eq.  (2-28)  becomes 


I- ly 


{6fi 

CXo 


—  GroPiUr 


(2-32) 


For  vertical  oscillation,  the  functions  and 

be  expressed  approximately  by  the  following  expressions: 


F'^  tail 


for  Poisson's  ratio,  JU(,  =  0 

P 
M 


1/4 


1/2 


4.0  -  1.2  a. 


-  3.4Cl2o  -  0.12ao 
»  5. 33  -  1  35<2p 

=  4.20  -0.12 

-  8.0  -  2.40  ao 

-  6.45  a.  -  0.35  at 
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tq .  (2-32)  can  be  further  simplified  by  substituting 


Mop  X  ^ 

and 

Ky  ~  O'  Pi  (2-34b) 


togi..  (2-TO 

Now,  if  a  cylindrical  mass  of  radius 
and  weight  We  (it.  17)^=  is  placed 

on  the  weightless  rigid  disk  and  subjected 
to  a  vertical  exciting  force  Cpz  ,  (Fig. 

2-11)  the  equation  of  motion  is 


Fig  2-11 


2-^0 


-  Q-t  ^ 

d 

or  hy  substituting  Kq .  (2-35)  Into  bq .  (2-36), 

OT.  t  +  /b  =  <5^ 

at  d  t 

Equation  (2-37)  is  sin^ilar  to  Eq  (2-1)  for  the  one-degree-of-freedom  system 
with  viscous  damping,  with  the  important  exception  that  both  and 

Kv  depend  upon  the  frequency  factor  .  From  Eqs.  (2-33)  it 

is  evident  that  /Py  is  almost  linearly  dependent  upon  frequency 
while  for  small  values  of  O.^  the  frequency  effect  on  Av  is 
smal' . 

E.  DUFFY  AND  MINDLIN'S  THEORY  FOR  ELASTIC  SPHERES 

Duffy  and  Mindlin  (1957)  derived  a  differential  stress-strain 
relation  for  a  medium  composed  of  a  face  centered  cubic  array  of  elastic 
spheres  in  contact.  They  retained  the  classical  Hertz  theory  for  normal 
forces  and  used  the  theories  of  Cattaneo  (J938),  Mindlin  (1949)  and 
Mindlin  and  Deresiewicz  (1953)  to  include  the  tangential  components  ot 
the  forces  at  the  contacts  between  the  spheres.  The  theory  predicts 
that  when  a  tangential  force  is  applied  to  two  spheres  in  contact,  slip 
occurs  at  the  circumference  of  the  contact  surface.  Because  of  this 


fact  the  stress-strain  relation  depends  upon  the  entire  stress  history 
of  the  material.  This  phenomenon  gives  rise  to  a  frictional  dissipation 


of  oiioigy  which  dooa  not  occur  when  only  normal  forces  are  considered 
Solutions  ^re  found  for  the  case  of  a  small  Increment  of  stress 
applied  to  a  medium  under  an  initial  isotrpic  plus  uniaxial  stress  The 
resulting  medium  is  anisotropic  and  the  st ress- strain  relation  depends 
on  the  direction  of  orientation.  Orientation  which  avoids  coupling  with 
flexural  waves  gives  a  solution  in  the  >t  ,  or  (1,  0,  0)  direction  and 
the  (1,  1,  0)  direction.  The  solutions  are 


cr 


(a-s/Z)  2  ( t-A)^ 

(2-38) 

J, 

Z(4~3m)(8-7A)  3  G  Vs  ^ 

(^~3A)^i-(a-7A)(l-A)  Z(I~A)*- 


where  and  G  are  Poisson's  ratio  and  shear  modulus  of  the 

individual  spheres.  The  two  values  of  £  differ  depending  upon  /c. 
At  “  0.25  the  difference  is  about  2  per  cent. 

The  theoretical  frictional  energy  los.s  per  cycle  was  found  by  a 
summation  of  the  energy  dissipated  at  the  individual  contacts  and  by 
taking  a  sinusoidal  displacement  distribution  along  the  length  of  the 
bar.  The  theory  predicts  an  energy  loss  proportional  to  the  cube  of 
the  amplitude.  For  small  amplitudes  the  total  energy  stored  is  pro¬ 
portional  to  the  square  of  the  amplitude.  This  would  indicate  a 
variation  of  logarithmic  decrement  which  is  proportional  to  amplitude. 
The  theory  also  predicts  a  minus  one-third  power  variation  of  loga¬ 
rithmic  decrement  with  pressure. 


I 


F.  BIOT'S  TimORV  FOR  WAVE  VF.LOCITY  IN  A  SATURATED  POKOUS  ELASTIC  SOLIU 

Riot  (14S6  a)  prosc-ptoU  a  theory  doallng  with  the  propagation  of 
elastic  waves  In  a  fluid-saturated  porous  solid  assuming  that  the  solid 
w.is  elastic  and  that  the  fluid  was  compressihle  and  viscous.  He  also 
assumed  that  the  walls  of  the  mein  peres  (interconnected  pores)  were 
Impervious  and  that  the  pore  size  was  concentrated  around  some  average 
val  lie  . 

For  the  case  in  which  the  viscosity  of  the  fluid  is  taken  as 
zero  the  equations  of  equilibrium  have  the  form 


3  %.! 


^  I-  ^  ^ 


(2-39) 


3a 


(2-40) 


in  which 


ih 

r 

r 

A 


•=  displacement  of  the  fraitie 

=  displacement  ot  the  fluid 

=  mass  density  of  the  frame 

-  mass  density  of  the  fluid 

“  mass  density  of  the  aggregate 

-  fO  t  (O* 

=  additional  apparent  mass. 


The  equations  of  wave  propagation  are  of  the  form 


2'23 


(2-41) 
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dx 
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where 


r 

I 

G 

(^Ond  R, 


dilatation  of  the  fluid 

dilatation  of  the  frame 

shear  modulus  of  the  frame 

arc  constants  relating  to  the  coupling 


Qe  +  Re 


(2-43) 


Bito  and  Willis  (1957)  give  a  discussion  of  the  methods  for  measuring  the 
quanclcles  (jj  D ^  R.  used  in  the  equations  for  v.’avD  propa¬ 

gation  . 

Three  waves  result  from  this  theory,  dilatational  waves  in  the  frame 
and  in  the  fluid  which  Involve  coupled  motion  and  stiffness  of  the  fluid 
and  the  frame,  and  a  rotational  wave.  The  rotational  wave  is  uncoupled 
from  the  dilatational  waves  and  involves  only  coupled  motion  of  the  frame 
and  the  fluid. 

Blot  modifies  the  equations  of  wave  propagation  by  including  the 
damping  due  to  the  viscosity  of  the  pore  fluid  wliich  is  a  function  of  the 
frequency  of  vibration.  Solutions  for  the  dilatational  waves  are  found  by 
applying  the  divergence  operator  to  the  equations  of  wave  propagation  and 


the  solution  for  the  ri't.itional  wavo  is  found  using  the  curl  operator. 

When  the  viscislty  of  the  fluid  Is  equal  to  zero  we  have  the  un¬ 
damped  case.  This  gives  an  expression  for  the  rotational  or  shear  wave 
which  i 3 

6 

/O  -h  po. 

/  _ _  _ _ 


The  Blot  theory  was  programmed  for  the  IBM  709  di'iltal  computer 
using  numerical  values  which  correspond  to  Ottawa  sand  saturated  with 
water.  Below  Is  a  list  of  these  values. 

e  •  void  ratio  •  0.35 

^  6  2 
3  •  bulk  modulus  of  the  grains  »  3  9  x  10  Ih./ln. 

Q*  »  bulk  modulus  of  the  fluid  ■=  3  x  10^  Ib./ln.^ 


Gs 

M- 

& 

K 


specific  gravity  of  the  grains  •  2.b6 

Poisson's  ratio  of  the  frame  »  0.45 

^  2 

shear  modulus  of  the  specimen  ■  1  x  10  lb  /In. 

at  a  conflilng  pressure  of  1000  Ib./ft.^ 

3 

unit  weight  of  the  fluid  *  62.4  lb. /ft. 

-5  2 

viscosity  of  the  fluid  «  2  x  10  lb.  sec. /ft. 

-If)  9 

permeability  ■  4.5  x  10  ft. 

apparent  mass  coefficient  ■  0.33 


5"  “  structure  factor  “2.5 

y  “  frequency  of  vibrations  =  1000  cycles/sec. 


CT 


confining  pressure 


variable 
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Tin-  vdliios  ^Ivcn  above  arc  exporlmontal  except  for  the  values  of  K. 

and  The  variables  and  ^  are  related  to  the  coupling 

between  the  fluid  and  the  solid.  Kosten  and  Zwlkker  (1949)  explain  the 

significance  of  the  v'arlahle  with  respect  to  a  systcin  composed  of 

randomly  oriented  tubes.  If  each  t vbc  is  oriented  at  an  angle  0 

with  the  macroscopic  pressure  gradient,  the  pressure  gradient  in  the 

tube  is  COS  0  times  the  macroscopic  pressure  gradient.  Ihe  component 

of  acceleration  in  the  tubes  in  the  direction  of  the  macroscopic  pressure 

gradient  is  '-05  0  times  the  acceleration  in  the  direction  of  the 

2 

tubus.  For  a  random  orientation  of  tubes  COS  0  r.  1/3.  This  would 
indicate  a  value  of  =  (  /  ~  COS  6  )  •  2/3.  Experimental  results 

by  Hardin  (1961)  Indicate  that  the  apparent  mass  coefficient  should  he 

N 

about  0.3  to  0.4.  The  value  used  for  the  program  was  such  that  • 

Blot  gives  a  range  of  values  for  the  structure  constant  5" 

For  a  value  of  the  sinuosity  factor  between  1.0  and  1.5  a  value  of  ? 
was  chosen  which  lies  between  that  for  slit-llkc  pores  and  circular  pores. 

Biot  showed  that  5  "33  nof  3  very  significant  parameter. 

A  value  for  Q  was  used  which  corresponded  to  thaL  determined 
by  the  experimental  results  of  Hardin  (1961).  His  results  indicated  that 
the  shear  modulus  varied  with  the  0.50  power  of  confining  pressure.  Thus, 
the  program  was  set  up  to  calculate  shear  modulus  from  the  expression 


6 


=  G 


0.5 


where  (j  is  the  shear  modulus  at  the  confining  pressure  0“  .  The 

/  O 

value  of  O'  was  arbitrarily  chosen  to  be  1000  lb. /ft. 


2-20 


The  cootfieienc  ol'  puimeabilily ,  ^  ,  in  that  found  from  experi- 

ineiit.il  lef.ult.'i  on  Ottawa  sand  which  are  common  to  most  textbooks  on  soil 
testiiij;.  It  should  be  pointed  out  that  the  coefficient  of  permeability 
used  here  in  iiot  that  conventionally  used  in  soil  mechanics.  The  coef¬ 
ficient  commonly  used  in  soil  mechanics  is  found  by  multiplying  by 

the  ratio  of  unit  weight  divided  by  viscosity.  This  changes  the  dimensions 
2 

from  It.  to  ft. /sec. 

The  computer  results  for  velocity  and  damping  arc  shown  in  Fig. 

2-12.  The  variation  of  the  shear  wave  vi-locity  with  pressure  is  determined 
entirely  by  the  variation  ot  the  shear  modulus  with  pressure.  The  variation 
chosen  for  shear  modulus  results  in  a  variation  of  velocity  with  the  1/4 
power  of  contining  pressure.  The  damping  of  the  shear  wave  is  independent 
of  confining  pressure.  The  velocity  of  sound  in  a  fluid  is  not  significantly 
affected  by  the  confining  pressure  but  when  the  fluid  and  solid  are  coupled 
as  is  the  disturbed  fluid  wave  a  slight  variation  of  velocity  with  confining 
pressure  is  observed.  As  the  confining  pressete  is  livr-eased  the  damping 
of  the  fluid  wave  is  decreased.  It  can  be  seen  that  the  variation  of 
velocity  with  confining  pressure  for  the  dilatation  wave  of  the  frame  is 
the  same  as  for  the  shear  wave.  The  logarithmic  decrement  is  affected  only 
slightly  by  confining  pressure  and  for  the  values  considered  here  the  damp¬ 
ing  increases  slightly  at  higher  confining  pressure. 

G.  THEORIES  USED  IN  CONNECTION  WITH  THE  EXPERIMENTAL 
DETERMINATIONS  OF  WAVE  VELOCITY  AND  DAMFING  FROM  LABORATORY  SPECIMENS 

The  measurement  of  wave  velocity  through  a  column  of  soil  was 
determined  by  measurement  of  the  resonant  frequency  of  the  column  for  the 
type  ot  wave  In  question.  Resonance  was  found  by  varying  the  frequency  of 
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Fig.  2  •12.~  Variation  o£  damping  and  valocity  with  confining 


vibration  and  dotormining  the  tn-quuncy  for  maximum  amplitude.  By 
k. lowing  tile  mode  of  vibration  the  wave  length  may  be  determined  using 
the  length  ol  the  .specimen.  From  these  two  measurements  velocity  may 
be  calculated  from  the  relationship 


/zr  =/Z 


where  L.  represents  the  wave  length  of  the  stress  wave. 

If  tie  shear  wave  velocity  and  the  longitudinal  wave  velocity  arc 
known,  the  dynamic  shc.ir  modulus  and  the  dynamic  modulus  of  elasticity 
may  be  computed.  Love  (1944)  showed  that  in  a  cylindrical  specimen  the 
velocity  of  a  longitudinal  wave  is  given  by 


AT, 


‘/z 


where  r  is  the  radius  of  the  specimen.  Equation  (2-45)  Is  valid  for 
small  values  of  .  The  specimens  used  in  this  research  had  an 

’  0.02  for  the  first  mode  of  vibration.  Using  this  value  and 
a  maximum  value  of  Poisson’s  ratio  of  0.5  the  first  term  ot  Eq.  (2-45)  is 
0.999  which  is  1.00.  Thus,  for  the  specimens  used  In  this  research 

we  can  use  the  relationship 


rui 


(2-46) 


for  calculating  the  dynamic  modulus.  The  dynamic  shear  lodulus  may  be 
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found  by  usinf,  tho  relationship 


(2-47) 


In  order  to  vibrate  a  specimen  some  sort  of  a  driving  mechanism 
must  be  attached  and  another  mechanism  must  be  connected  for  measurement 
of  the  response.  The  addition  of  a  mass  to  a  material  in  which  the 
resonant  frequency  is  to  be  measured  results  in  a  slight  change  in  the 
resonant  frequency.  The  conditions  of  the  specimen  in  the  present  in¬ 
vestigation  may  be  represented  by  Fig.  2-13.  The  solution  governing  the 
natural  frequency  of  such  a  system  under  torsional  vibrations  is  given 
by 


(2-48) 


lo 


Fig.  2-13.  -  Model  representing  theoretical 
conditions  in  present  research. 


where  X  is  the  mass  polar  moment  of  Inertia  of  the  speciii.en  and  Tq 

is  the  mass  polar  moment  of  inertia  of  the  mass  attached  to  the  free  end. 
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Equation  (2-48)  must  either  be  solved  graphically  or  by  trial  and  error. 
It  is  ronvenient  to  put  Eq .  (2-48)  Into  the  form 


tan/3 


_£ 

Jo 


Thus  , 


^  Zwi 

(3 


(2-49) 


(2-50) 


Figure  2-14  shows  the  graphical  solution  to  Eq .  (2-49)  for  the  first  mode 
of  vibration. 

In  this  Investigation  the  values  obtained  for  damping  by  measure¬ 
ment  of  the  decay  of  vibrations  were  corrected  to  compensate  for  the  added 
mass  of  the  pickup  and  driver.  The  effect  of  the  added  mass  is  approximated 
by  considering  a  single  degree-of-freedom  system  as  shown  in  Fig.  2-15. 


Fig.  2-15.  -  Single  degree-of- freedom  system. 


The  mass  of  the  specimen  is  represented  by  IT]  ,  the  mass  of  the  driver 
and  pickup  by  fT]^  and  the  spring  constant  Is  •  Flist  consider 

the  case  without  /T] ^  .  We  have  the  relationships 


■ 't  j  ^  »  19*  Mft  s»  ma 

Vi 

Fig.  2-14.  -  Graphical  tolutloD  to  Eq.  (2-49)  for  the  first  noda 
•f  vibration. 
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Thus  , 


rrCy 

oj  m 


TTCy 

V^’ 


With  the  addition  of  me  we  have  similarly 


I 


/ 


TT  Cv 

^s(m-hrno) 


Finally, 


cT  fmTWc 
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(2-51) 


In  order  to  use  Eq.  (2-51)  it  is  necessary  to  convert  the  mass  of 
the  soil  specimen  into  an  equivalent  concentrated  mass.  It  can  be  shown 
that  for  the  conditions  in  Fig.  2-16  the  equivalent  concentrated  mass  is 
0.405  ff\  . 
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Fig.  2-16.  -  Conversion  to  a  concentrated  mass  system. 


This  Is  based  on  the  condition  that  both  systems  have  the  same  undamped 
natural  frequency.  Using  the  above  approximation  the  corrected  value  of 
logarithmic  decrement  Is  given  by 


i' 


(2-52) 


The  same  correction  maw  be  used  for  torsion  by  substituting  the  analogous 


torsional  Inertias. 
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III.  LABORATORY  ThSTS  OF  WAVE  PROPAGATIOtl 
AND  DAMPING  IN  GRANULAR  MATERIALS 

A.  PURPOSE  AND  SCOPE 

The  purpose  of  the  present  research  was  to  study  the  velocity 
of  shear  and  longitudinal  waves  and  their  damping  in  a  column  of  granular 
material.  The  effects  of  confining  pressure,  density,  pore  fluid  (air, 
water  .ind  dilute  glycerin)  amplitude  of  vibration  and  frequency  were  to 
be  considered.  This  is  an  extension  of  the  work  by  Hardin  (1961)  to 
Include  the  effects  of  amplitude  and  the  measurement  of  damping  by  use 
of  decay  curves. 

New  apparatus  was  constructed  for  the  measurement  of  the  velocity 
of  shear  uud  1  cr.gi tudi na i  stress  waves  at  relatively  large  amplitudes 
of  vibrations  which  will  not  cause  breakdown  of  the  grain  structure. 

The  largest  amplitudes  for  a  twelve-inch  specimen  fixed  at  one  end  were 

.A  .*5 

5  X  10  in.  longitudinally  and  1.5  x  10  rad.  torsionally.  This  is 
on  the  order  to  ten  times  that  attainable  with  the  previous  apparatus 
and  provides  for  a  range  of  250  times  for  controllable  amplitudes.  The 
new  equipment  was  also  designed  to  permit  evaluation  of  damping  by 
measuring  the  vibration  decay  from  the  steady  state  condition  after 
the  driving  mechanism  was  turned  off.  Hardin  measured  damping  mainly 
•by  the  shape  of  the  amplitude  vs.  frequency  curve.  The  pickups  used 
on  the  n»w  apparatus  were  calibrated  so  that  the  amplitude  of  vibrations 
could  be  mea.sured  at  any  time  during  a  test. 
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Tliooiot leal  solutions  of  several  persons  have  been  presented  for 
the  behavior  of  stress  waves  and  damping  In  porous  materials.  The  theory 
by  Biot  (1056)  may  be  used  for  theoretical  evaluation  of  the  stress  wave 
properties  of  velocity  as  well  as  the  viscous  damping  associated  with 
saturated  materials.  The  theory  given  by  Duffy  and  Mindlin  (1957)  may 
be  used  to  calculate  theoretical  stress-strain  relationships  for  granular 
marerials  as  a  function  of  confining  pressure  and  also  the  friction  damp¬ 
ing  associated  with  contact  stresses.  The  theory  of  Pisarenko  predicts 
the  behavior  of  a  material  with  non-linear  stress-strain  relationships  in 
torsion.  The  above  theoretical  solutions  provide  a  basis  for  comparison 
with  experimental  results. 


B.  MATERIALS.  EQUIPMENT  AND  TEST  PROCEDURES 

Materials 

There  were  four  different  materials  used  In  this  investigatlcn . 

Each  is  described  below  and  the  grain  size  curve  for  each  is  shown  in 
Fig.  3-1. 

Ottawa  sand.  Standard  Ottawa  sand  which  had  been  sieved  for  the 
fraction  between  the  No.  20  and  No.  30  sieves  was  used  for  most  of  the 
investigation.  This  is  the  material  prepared  and  used  by  Hardin  (1961). 

He  reported  that  the  minimum  void  ratio  was  0.50  corresponding  to  a  unit 
weight  of  110.5  Ib./ft.-^  and  the  maximum  void  ratio  was  0.77  correspond¬ 
ing  to  a  unit  weight  of  93.6  Ib./ft,^ 

Glass  beads  No.  2847.  Class  beads,  all  of  which  lie  between  •'he 
No.  16  and  No.  20  sieve,  were  obtained  from  the  Prismo  Sefety  Corporation, 
Huntingdon,  Pennsylvania.  These  beads  are  essentially  perfect  spheres 
as  viewed  from  a  microcope.  They  have  a  specific  gravity  of  2.499. 

The  minimum  void  ratio  was  0.57  and  the  maximum  void  ratio  was  0.75. 


class  brads  No.  0017.  This  material  was  also  obtained  from  the 


Prismo  .Safety  Corporation  These  are  very  fine  beads  and  near  silt 
size.  Ninety-five  pei  cent  pass  the  No  2o0  sieve  and  96  per  cent  are 
retained  on  the  No.  ^lOO  sieve.  They  have  a  specific  ftravlty  of  4.31 
which  Is  very  high.  The  reason  for  the  high  specific  gravity  Is  due  to 
the  fart  that  a  high  Index  of  refraction  Is  desired  In  their  commercial 
use.  The  minimum  void  ratio  for  this  material  Is  0.57  and  the  maximum 
void  ratio  Is  0  76. 

Novacullte  No.  1250.  This  Is  a  very  fine  quartz  powder  obtained 
from  the  American  Graded  Sand  Co.,  189-203  East  Seventh  Street.  Paterson  4, 
New  .lersey.  "^hls  material  was  considered  to  be  a  silt  as  shown  by  the 
grain  size  curve  In  Fig.  3-1. 

Tests 

Three  groups  of  tests  were  run  and  are  summarized  In  Table  3-1 
and  ar.  follows. 

Croup  I .  These  tests  were  run  with  Ottav.'a  sand  to  obtain  data 
on  the  effects  of  amplitude,  pore  tluld  (air,  water  and  dilute  glycerin), 
mode  of  vibration  and  density  on  velocity  and  damping  for  both  torsion 
and  compression. 

Group  II.  After  the  tests  of  Group  I  were  completed  It  was 
decided  to  run  tests  with  the  two  sizes  of  glass  beads  described  above 
In  the  dense  condition  both  dry  and  saturated. 

Group  III .  A  torsional  vibration  test,  as  well  as  damping 
characteristics,  was  run  on  Novacullte  No.  1250  In  the  dry  condition. 

Equipment  of  Previous  Investigators 

Several  methods  have  been  used  to  measure  the  stress  wave  ve¬ 
locities  In  a  cylindrical  specimen.  The  methods  differ  mainly  In  the 
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TABLE  3-1 
Summary  of  Tests 


Material 

Void  Ratio 

Pore  Fluid 

Type 

10 

Ottawa  sand 

0.52 

Air 

Torsion 

11 

Ottawa  sand 

0.67 

Air 

Torsion 

14 

Ottawa  sand 

0.52 

Water 

Torsion 

21 

Ottawa  sand 

0,64 

Water 

Torsion 

12 

Ottawa  sand 

0.52 

Air 

Compression 

16 

Ottawa  sand 

0.66 

Air 

Compression 

13 

Ottawa  sand 

0.51 

Water 

Compression 

15 

Ottawa  sand 

0.66 

Water 

Compression 

20 

Ottawa  sand 

O.SO 

Dll.  glycerin 

Compression 

19 

Ottawa  sand 

0.64 

Dll.  glycerin 

Compression 

25 

Beads  #2847 

0.59 

Torsion 

Torsion 

26 

Beads  #0017 

0.58 

Torsion 

Torsion 

23 

Beads  #2847 

0.58 

Compression 

Compression 

0/* 

Beads  #0017 

0.58 

■iM 

Compression 

28 

Novacullte 

0.80  0.83 

- 1 

Air 

Torsion 
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end  condttlDiis  which  arc  raposctl  or  are  assumed  to  exist. 

t'ilson  and  Dietrich  (1960).  The  apparatus  developed  at  tlie 
laboratory  of  Shannon  and  Wilson  Is  shown  in  a  schematic  diagram  in 
iiR*  3-2.  An  amplified  audio-frequency  signal  is  supplied  to  a  driver 
unit  adapted  from  a  loudspeaker.  For  longitudinal  vibrations  the  driver 
Is  directly  connected  by  an  aluminum  rod  to  a  clamped  rim  diaphragm  of 
aluminum  having  a  natural  frequency  several  times  greater  than  that  of 
the  soil  specimen.  For  torsional  vibrations  the  driver  is  directly  con¬ 
nected  Lu  an  aluminum  clamp  to  provide  a  torsional  twist  to  the  specimen. 
The  specimen  rests  on  a  brass  plate  .and  is  enclosed  with  a  lightweight 
cap  and  a  rubber  membrane.  A  standard  phonograph  crystal  is  suspended 
by  rubber  thread  from  a  tie  rod  or  stand  and  records  the  motion  of  the 
top  cap  on  a  cathode  ray  oscilloscope. 

It  Ic  stated  that  the  restraint  of  the  specimen  has  been  verified 
to  correspond  to  the  lower  end  clamp  and  the  upper  end  free. 

Hardin  (1961) ,  Hardin  developed  apparatus  to  measure  shear  wave 
velocities  and  compressive  wave  velocities  for  a  soil  specimen  which  was 
considered  free  at  each  end.  Figure  3-3  shows  a  diagram  of  the  driving 
equipment  for  each  apparatus.  A  permanent  magnet  was  attached  to  each 
end  of  the  specimen  by  means  of  Plexiglas  caps.  For  the  compression 
wave  the  bottom  m.ignet  rested  on  rubber  pad.s  between  electromagnets.  The 
other  end  of  the  specimen  was  placed  between  two  sets  of  coils  which  were 
Identical  to  the  driver,  and  these  produced  a  signal  which  Indicated  the 
motion  of  the  top  of  the  specimen.  The  apparatus  for  torsional  vibrations 
was  identical  except  that  the  electromagnets  were  placed  in  a  position 
that  would  produce  torsional  motion.  In  this  case  the  specimen  rested 
on  a  pivot. 

Both  types  of  equipment  considered  above  have  end  conditions 
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Fig.  3-3  -  Drawing  of  vibration  aechaniSM  used  by  Hardin  (a)  shear  wave  apparatus 
coaipressioa  wave  apparatus. 


which  ar*^  not  complotoly  sporifieci.  The  oqiiipment  used  by  Wilson  and 
Dietrich  is  considered  to  bo  fixed  at  the  driving  end.  If  this  were 
true  then  there  would  be  no  vibrations  In  the  specimen.  The  equipment 
relics  on  the  fact  that  at  the  natural  frequency  of  the  specimen  very 
little  motion  is  needed  at  the  base  in  order  to  maintain  steady  state 
vibrations.  The  relative  amount  of  motion  between  the  top  and  bottom 
of  the  spec.., non  for  small  values  of  damping  is  such  that  the  node  is 
very  close  to  the  base. 
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Fig.  3-4.  -  Model  representing  apparatus  used  hy 
Hardin. 

A  model  of  the  conditions  for  the  apparatus  built  by  Hardin  may 
be  considered  as  shown  in  Fig.  3-4.  The  torsional  case  is  shown.  The 
rotational  inertia  of  the  end  caps  is  represented  by  the  discs  at  each 
end  of  the  specimen  and  the  rubber  pads  are  represented  by  springs. 

The  magnitude  of  the  effect  of  the  rubber  pads  is  essentially  indetermi¬ 
nate.  However,  all  of  Hardin’s  tests  were  run  at  such  small  amplitudes 
that  this  effect  would  be  negligible. 

Equipment  for  the  Present  Investigation 

Several  practical  considerations  must  be  made  when  deciding  upon 
the  equipment  for  measuring  the  dynamic  properties .  The  most  important 
thing  to  keep  in  mind  is  that  the  design  must  be  as  simple  as  possible, 
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ot.horwisf,  t-onsidorable  lime  will  be  spent  on  refinement.  In  choosing 
between  a  free-free  and  a  fixed-free  type  of  test  condition,  the  fixi-il- 
free  condition  has  t'^o  main  advantages.  First  of  all,  the  end  conditions 
are  more  easily  determined,  and  second,  the  first  mode  of  vibration  will 
occur  at  one-half  of  the  frequency  for  the  free-fiee  condition.  Kxper- 
ience  has  shown  that  it  is  much  easier  electrically  and  mechanically  to 
work  with  lower  frequencies. 

Two  pieces  of  equipment  were  specially  designed  and  built  to  vi¬ 
brate  the  specimen  at  relatively  large  amplitudes  with  longitudinal  and 
torsional  vibrations.  Each  was  based  on  the  fixed-free  condition.  The 
equipment  was  different  than  that  described  above  in  that  the  base  of  the 
specimen  was  fixed  to  a  large  mass  and  the  vibrations  and  displacements 
were  applied  and  measured  at  the  top  of  the  specimen.  (Fig.  3-i)c) 

Compression  apparatus.  The  frame  of  the  apparatus  was  built  from 
a  piece  of  4"  standard  steel  pipe.  The  base  for  bolting  the  aluminum 

( 

bottom  cap  of  the  specimen  was  made  out  of  piece  of  steel  1/2"  thick 
and  1-1/4"  wide.  The  ends  of  the  base  were  drilled  and  tapped  with  one 
hole  on  each  end.  Screws  which  fit  through  the  sides  of  the  pipe  frame 
hold  the  base  in  place.  The  holes  in  the  frame  were  drilled  so  that  the 
base  position  may  be  adjusted  in  order  to  align  the  specimen  vertically 
in  the  apparatus.  In  order  to  "fix"  the  base  of  the  specimen  the  inside 
of  the  frame  was  lined  with  four  sheets  of  lead  0.10"  thick  This  makes 
tne  mass  of  the  specimen  very  small  compared  to  the  mass  of  the  frame  to 
which  the  specimen  is  bolted.  The  total  weight  of  the  above  apparatus  was 
29  lb.  as  compared  to  1.2  lb.  for  a  specimen. 

The  driver  and  pickup  used  is  shown  in  Fig.  3-5.  The  design  of 
both  the  driver  and  pickup  is  similar  to  that  of  an  ordinary  loudspeaker. 
The  coils  were  made  by  placing  a  piece  of  paper  around  a  tube  of  the 
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Fig.  3-3  -  Vibration  lacchanisms  liaad  in  present  research  (a)  shear  wave  apparatus  (b)  compression 
wave  apparatus. 
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desired  diameter .  This  paper  Is  glued  so  that  it  will  not  unroll  and 
also  he  loose  enough  to  be  removed  trom  the  tube  after  the  coil  has  been 
wound  upon  it.  After  eaeh  layer  of  wire  has  been  wound  upon  the  paper 
tube  a  layer  of  glue  was  applied  to  hold  the  coll  together.  If  the  coll 
was  to  be  used  as  a  pickup  a  clear  spray  lacquer  was  used  as  a  giuc,  but 
for  the  driving  coils  it  is  necessary  to  use  a  glue  that  will  withstand 
high  temperature.  For  this  purpose  "2-ton''  brand  epoxy  glue  was  used. 

It  is  absolutely  necessary  to  Insure  that  the  loops  of  the  coils  are 
rigidly  held  together,  otherwise  erratic  wave  forms  will  be  recorded.  It 
is  also  essential  to  have  a  rigid  connection  of  the  coils  to  the  top  cap 
of  the  specimen,  i.e.,  ttie  natural  frequency  of  the  connection  must  be 
several  times  greater  than  the  frequency  range  used  in  the  experiments. 

The  driver  and  p'ckup  must  also  be  made  as  light  as  possible.  The  total 
waight  of  the  driver  and  pickup  for  the  compression  apparatus  was  .10,6  gm. 

The  permanent  magnets  were  made  from  cylindrical  Alnlco  V  magnets. 
Soft  steel  was  machined  and  placed  around  the  cylindrical  permanent  mag¬ 
net  so  that  the  lines  of  flux  would  be  concentrated  in  an  annular  opening 
through  which  the  colls  would  fit.  The  Alnlco  V  is  very  hard  and 
brittle  and  cannot  be  machined  easily.  Therefore,  it  is  necessary  to 
either  glue  or  clamp  the  soft  steel  to  the  Alnlco  V.  Non-magnetlc  ma¬ 
terials  should  be  used  for  clamping  so  that  the  magnetic  flux  is  not 
disturbed  after  the  magnet  has  been  constructed.  The  magnetism  can  be 
increased  several  times  by  placing  the  finished  magnet  in  a  strong  field. 
If  the  soft  steel  is  later  removed  it  will  be  necessary  to  remagnetlze 
the  magnet  when  it  is  put  back  together. 

The  magnets  are  fastened  to  the  top  of  the  frame  by  means  of 
threaded  brass  rods  as  shown  in  Fig.  3-5.  These  provide  a  means  of  ad¬ 
justing  the  vertical  position  of  the  magnets.  The  holes  through  which 


the  threaded  rods  pass  are  much  larger  than  the  rods  themselves.  This 
allows  a  limited  amount  of  movement  so  that  the  magnets  may  also  be 
liosicioned  with  respect  to  the  horizontal  plane. 

Torsion  apparatus.  The  frame  of  the  torsion  apparatus  is  very 
similar  to  the  frame  of  the  compression  apparatus  except  for  the  design 
of  the  driver  and  pickup,  which  is  shovm  In  Fig.  3-5.  The  colls  were 
mounted  in  a  frame  constructed  of  brass  rods  1/16"  in  diameter.  The 
frame  was  made  as  rigid  as  possible  while  keeping  the  torsional  Inertia 
to  a  minimum.  The  permanent  magnets  were  circular  bar  magnets  which 
were  mounted  on  the  trame  and  projected  Into  the  center  of  the  coll. 
Positioning  of  the  magnet  was  accomplished  by  soldering  a  threaded  brass 
rod  in  an  off  center  position  to  the  magnet.  The  threaded  rod  provided 
in  and  out  movement  and  horizontal  movement  was  obtained  by  rotating  the 
eccentrically  located  rod.  Vertical  movement  was  accomplished  by  cutting 
a  vertical  hole  In  the  frame  of  the  apparatus. 

The  equipment  described  above  could  be  used  to  measure  the 
resonant  frequencies  for  torsion  and  compression  and  also  the  decay  curt’es 
after  vibration  in  a  steady  state  condition  by  cutting  off  the  power  to 
the  driving  coll.  The  decay  curves  were  recorded  photographically  on  an 
oscilloscope. 

Commercial  apparatus.  An  MB  Electronics  Type  P  11,  Model  T  135234 
power  supply  was  used  for  driving  the  colls  In  the  vibration  apparatus 
and  also  for  driving  an  MB  Electronics  Model  C  31  pickup  calibrator.  The 
range  of  the  Model  C  31  calibrator  Is  5  to  1000  cycles  per  second  with 
a  maximum  force  vector  of  25  lb.  A  probe  type  pickup.  Model  115,  also 
manufactured  by  MB  Electronics  was  used  for  measurement  of  vibration 
amplitudes  and  for  calibration.  A  Tektronix  Model  502  dual  beam  oscillo¬ 
scope  was  used  for  the  measurement  of  output  from  the  pickups  and  drivers. 
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Decay  curves  lor  damping  measurements  were  recorded  with  a  Dunont  Type 
A50  oscilloscope  camera. 

The  apparatus  for  measuring  vibrations  was  placed  in  a  triaxial 
cell  Cor  testing.  The  triaxial  cell  was  manufactured  by  Geonor  A/S, 

Os  lo-B  1  indern ,  Norway.  In  order  for  the  testing  equipment  to  .fit  inside 
the  cell  a  longer  Plexiglas  Lube  and  lastenlng  rods  were  made.  Air 

2 

was  used  for  the  confining  pressure  and  pressures  from  0  to  50  lb. /in. 
were  measured  by  a  mercury  manometer, 

Electrical  measurc.ments 

A  schematic  wiring  diagram  for  the  testing  apparatus  is  shown  in 
Fig.  3-6.  Details  ot  the  high  pass  filter,  attenuator  and  phase  shifter, 
and  time  delay  and  triggering  mechanism  arc  shown  in  Figs.  3-7,  3-8  and  3-9. 

Measurements  were  made  on  the  oscilloscope  .ich  showed  the  input 
voltage  to  the  driver  and  the  output  voltage  of  the  pickup.  However,  due 
to  the  mutual  inductance  between  the  driving  coil  and  the  pickup  coil,  the 
output  voltage  of  the  pickup  does  not  represent  the  motion  of  the  pickup. 

It  is  nec<!ssary  to  compensate  for  this  induction  by  applying  a  signal  of 
equal  magnitude  and  phase  relationship  to  the  differential  input  connection 
of  the  upper  beam.  The  attenuater  and  the  phase  shifter  is  adjusted  to 
give  a  correction  of  the  correct  amplitude  and  phase  relationship.  The 
frequency  characteristics  of  the  compression  apparatus  are  such  that  the 
high  pass  filter  is  used  with  the  phase  shifter  and  attenuater.  For  the 
torsion  apparatus  it  was  not  necessary  to  use  the  high  pass  filter.  The 
adjustment  of  the  induction  correction  was  made  by  setting  the  frequency 
so  that  it  was  not  near  resonance  and  adjusting  the  attenuater  and  phase 
shifter  so  that  there  was  no  signal  from  the  pickup.  If  the  adjustment 
is  correct  then  there  should  be  practically  no  a-nplitude  at  each  side  of 
the  resonant  frequency.  The  adjustment  is  good  tor  a  limited  frequency. 


110 
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fig.  3-6  •  SchaMtlc  dlagrM  of  •'•ctrical  oguipaent. 
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Fig.  3-7  -  Detail  of  high  pass  filter. 


Phase  shift  and  attenuation  Attenuation 


Fig.  3-8  -  Detail  of  sttenuatcr  and  phase  shifter. 
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range  and  must  be  readjusted  for  each  mode  of  vibration. 

The  time  delay  switch  and  triggering  mechanism  was  used  In  the 
measurement  of  the  decay  cur\’CE.  Itr.  function  was  to  trigger  the  sweep 
on  the  oscilloscope  and  then  cut  off  the  power  to  the  driver  after  a  small 


Fig.  3-9.  -  Detail  of  triggering  and  time  delay  switch. 

time  delay.  The  oscilloscope  was  triggered  by  an  electric  pulse  from 
three  small  flashlight  batteries  connected  In  series.  A  hinged  arm  was 
dropped  which  would  momentarily  close  a  contact  to  trigger  the  oscillo¬ 
scope  and  then  fall  a  short  distance  and  ct  off  the  power  to  the 
driving  coll.  The  distance  that  the  arm  fell  after  triggering  the  scope 
determined  the  time  delay.  This  distance  was  adjustable.  When  only 
steady  state  vibrations  were  being  made  the  triggering  apparatus  was 
disconnected . 


TEST  PROCEDURES 

Preparation  of  membranes 

The  membranes  for  the  test  specimens  were  made  at  first  with  a 
liquid  latex  compound  obtained  from  Testlab  Corporation,  Chicago.  Illinois. 
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Whin  this  iiuilirial  was  used  up,  iho  mcmbraiias  wuri;  made  from  a  liquid  laLox 
Type  VulLex  1-V-lO  from  the  General  Latex  and  Chemical  Corporation,  665  Main 
Street,  Cambridge  39,  Missachuset t s .  The  latex  used  first  had  to  be  diluted 
to  three  parts  latex  and  one  pan  water,  while  the  other  was  diluted  to 
seviMi  parts  latex  to  one  part  water.  Molds  were  mode  from  3!!  mm.  glass 
tubing  14  in.  long  with  rubber  stoppers  in  each  end.  These  were  dipped 
into  the  liquid  latex  and  allowed  to  dry  a  minimum  of  four  hours  between 
dtps.  Around  eight  to  ten  dtps  were  used  for  each  mi’n’hrone.  It  was 
found  that  the  latex  was  attected  by  absorption  of  water  and  to  prevent 
this,  the  latex  membranes  were  dipped  in  a  liquid  neoprene  Type  Vultex 
3-N-lO,  which  was  also  obtained  from  the  Geneial  Latex  and  Chemical  Cor- 
poiaticn.  The  'oyer  of  neoprene  was  then  placed  on  the  inside  next  to 
the  specimen. 

The  metTibrane  was  removed  from  the  mold  by  first  dusting  the  outside 
with  talcum  powdei  and  then  cutting  off  the  ends  with  a  razor  blade. 

Next,  the  membrane  was  peeled  from  the  mold  and  the  inside  was  dusted 
with  talcum  powder. 

Preparation  of  the  specimen 

Tne  soil  specimens  were  approximately  1.5  in.  in  diameter  and  11  in. 
long.  The  top  cap  was  made  of  Plexiglas  and  the  bottom  cap  was  made  of 
aluniinum  as  shown  in  Fig.  3-10.  Rubber  0-rir.gs  were  used  to  hold  the  mem¬ 
brane  against  the  cap.  Dow  Corning  silicone  stop-cock  grease  was  used 
between  the  membrane  and  caps  to  provide  a  good  seal. 

When  dealing  with  granular  materials  it  is  necessary  to  use  a  mold 
in  forming  the  specimen,  The  mold  was  made  from  a  piece  af  PVC  tubing 
which  was  cut  to  form  two  halves.  Tubes  were  placed  on  each  half  for 
vacuum  line  connections  and  filter  paper  .strips  were  placed  on  the  Inside 
to  allow  a  good  distribution  ot  the  applied  vacuum. 
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Fig.  3-10,  -  End  pieces  used  with  specimens  (a)  bottom  cap  (b)  top 


cap. 


The  bottom  cap  was  greased  and  the  membrane  was  placed  around  It. 
The  mold  was  then  clamped  around  the  cap  and  membrane  with  a  hose  clamp. 
The  Inside  diameter  of  the  mold  was  such  that  It  lit  snugly  against  the 
membrane,  sealing  off  the  end  of  the  tube.  The  opposite  end  of  the 
membrane  was  stretched  over  the  end  of  the  mold  and  a  vacuum  was  applied 
which  held  the  membrane  securely  against  the  inside  of  the  mold. 

Several  methods  were  used  for  placing  the  soil  Into  the  mold,  de¬ 
pending  upon  the  soil  type  and  density  desired.  For  the  Ottawa  sand  and 
the  glass  beads  the  dense  condition  was  obtained  by  pouring  In  approx¬ 
imately  so  ml.  layers  and  vibrating  each  lay?r  with  a  1/8  In.  brass  rod 
attached  to  a  small  vibrator.  This  resulted  In  a  condition  close  to 
100  per  cent  relative  density.  The  loose  condition  for  the  Ottawa  sand 
was  obtained  by  pouring  the  sand  through  a  funnel  attached  to  a  3/16  In, 
Internal  diameter  glass  rod  which  extended  to  the  bottom  of  the  mold.  The 
rod  was  kept  full  of  sand  and  slowly  retracted  from  the  mold  allowing  the 
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iianc  Lo  be  depo'iited  i.  loose  condition.  The  specimens  prepared  with 
the  Novaeullte  No.  1250  were  compacted.  Since  the  material  is  very  fine 
a  special  piocedure  had  to  be  followed  A  vacuum  was  applied  to  the 
bottom  pore  pressure  line  during  the  compaction  to  prevent  the  material 
from  blcv.'iiig  out  of  the  mold  and  also  as  an  aid  to  compaction.  .'.  teaspoon 
oi  material  was  added  and  pressed  live  times  with  a  No.  7  rubber  stopper 
attached  to  the  end  of  a  standard  Proctor  miniature  compactor.  Prior  to 
construction  of  the  opecimen  the  Novaculitc  was  dritd  in  the  oven  at 
220°  C.  for  a  period  of  several  days. 

Recording  of  data 

Sample  data  are  shown  in  Tables  3-2,  3-3  and  Fig.  3-11.  Table  3-2 
shows  the  data  taken  for  computation  of  void  ratio  and  the  relation¬ 
ships  for  velocity  and  modulus  in  terms  of  frequency.  The  volume  of  the 
specimen  was  corrected  for  the  membrane  by  weighing  the  membrane  and 
computing  its  volume  on  the  basis  of  a  unit  weight  of  0.92  gm.  per  cm.^ 

The  measurements  recorded  for  the  velocity  and  damping  were 
taken  alter  the  electrical  equipment  had  warmed  up  a  minimum  of  30 
minutes.  There  it  considerable  drift  in  calibration  as  the  equipment 
warms  up  and  accurate  measurements  cannot  be  made  during  this  period. 

The  variation  of  velocity  with  amplitude  was  recorded  for  the 
first  mode  of  vibration.  Each  amplitude  was  approximately  half  of 
the  preceding  one  which  corresponds  to  the  successive  scales  on  the 
oscilloscope.  With  a  maximum  of  6  volts  peak  to  peak  applied  to  the 
torsional  driver  the  double  amplitude  of  vibrations  was  approximately 
2  X  10"^  radians  depending  upon  the  shear  modulus,  damping  and 
density  of  the  specimen.  Since  the  torsion  driver  consists  of.  a  force 
applied  to  a  lever  arm  from  the  top  of  the  specimen,  both  bending 
and  torsional  modes  of  vibration  will  be  measured.  This  is  shown  in 
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3-11.  -  Typlcjl  dttay  curves. 
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Fig.  3-12  which  shows  the  second  mode  for  bending  and  the  first  mode  for 
torsion.  For  small  values  of  damping  the  amou.it  of  bending  at  the 
natural  frequency  for  torsion  will  be  insignificant.  The  bending  and 
torsion  may  be  distinguished  by  the  phase  relationship  between  the 
driver  and  the  pickup.  Foe  bending  the  motion  of  the  driver  and  pickup 
Is  in  phase  but  for  torsion  they  are  In  opposite  phase  This  is  easily 
seen  on  the  oseilloscope . 


Fig,  3-12.  -  Resonance  curves  obtained  with  torsion  apparatus. 

With  a  maximum  of  8  volts  peek  to  peak  applied  to  the  compression 
driver  a  double  amplitude  of  approximately  1  x  10'^  in.  could  be  obtained. 
It  was  noted  that  at  some  pressures  the  bending  mode  of  vibration  and  the 
compression  mode  were  near  the  same  frequency.  This  showed  up  as  two 
resonances  very  close  together.  A  change  in  position  of  the  driving 
coll  did  not  seem  to  correct  this  condition  but  It  was  found  that  a 
slight  change  in  confining  pressure  would  help  remove  the  condition.  The 
maximum  effect  of  this  condition  seemed  to  occur  near  a  confining  pressure 
of  25  lb. /in. 2 
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C,  PRESENTATION  OF  RF.SUl.TS 

Stress  Wave  Velocltios 

Croup  I 

Flgureii  3-13  t»irough  3-18  show  the  result-Q  for  the  velocity  of 
torsional  and  longitudinal  waves  calculated  from  the  tests  of  Group  I 
on  Ottawa  sand.  In  these  tests  the  variation  of  velocity  with  confining 
pressure,  density,  pi>re  fluid  (air,  water  and  dilute  gly..eiii.,  ■’nd 
amplitude  of  vibration  was  determined.  The  confining  pressures  chosen 
for  each  test  were  approximately  5,  10,  25  and  50  lb,/ln.^  and  the 
results  at  each  pressure  are  plotted  In  the  same  figure.  Tests  were 
run  at  both  loose  and  dense  conditions  corresponding  to  a  void  ratio 
of  approximately  0.65  and  0.51  respectively.  The  amplitude  of  vibrations 
was  varied  over  the  range  of  the  smallest  measurable  vibration  to  the 
maximum  attainable  with  the  equipment  which  was  approximately  5  x  10  ^  In. 
for  compression  and  1.5  x  10‘^  rad.  for  torsion.  The  ratio  of  magnitudes 
of  any  two  successive  amplitude  measurements  Is  approximately  t:l  as 
this  corresponds  to  the  ratio  of  two  successive  sensitivity  settings  of 
the  oscilloscope. 

Figures  3-13  through  3-16  show  comparisons  of  velocity  between  dry 
and  saturated  specimens  at  the  first  mode  of  vibration.  Figures  3-13 
and  3-14  are  torsion  tests  with  loose  and  dense  specimens  respectively. 
Similar  figures  for  the  compression  tests  are  shown  by  Figs.  3-15  and  3-16 
In  addition  the  tests  ir.  which  the  first  and  second  mode  velocities 
were  measured  are  plotted  Individually.  The  second  mode  velocity  could 
not  be  measured  In  the  early  compression  tests  since  the  apparatus  was 
not  fully  developed  until  after  test  No.  15. 
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Ptroup  11 

Thp  vc’ldcity  tpr.t  results  for  the  rI.tss  beads  are  shown  in  Figs, 
3-19  ihroiig'n  3-22,  Thesf  tests  included  two  sizes  of  beads  one  of  which 
corresponds  to  a  grain  size  near  Ottawa  sand  and  the  other  a  silt  grain 

size.  The  tests  were  performed  the  seme  as  those  in  Group  1  except  that 

only  the  dense  condition  was  tested.  This  corresponded  to  a  void  ratio 
of  around  0.58  for  both  sizes  of  beads.  The  large  beads  had  .'i  specific 

gravity  of  2.499  which  is  slightly  less  than  Ottawa  sand  but  the  silt 

size  beads  had  a  specific  gravity  of  4.31  which  is  much  greater  than 
most  soils,  hach  specimen  except  that  for  test  24  was  tested  in  the 
dry  condition  and  then  in  the  saturated  condition.  The  results  are 
plotted  to  show  the  comparison  of  dry  and  saturated  conditions  of  each 
test . 

Group  III 

Velocity  tests  were  run  on  a  compacted  specimen  of  Kovaculile  No. 
1250  wt  tl\  the  torsion  apparatus.  This  is  a  crushed  quartz  material  with 
ten  per  cent  of  the  particles  less  than  0.002  mm.  The  behavior  of  this 
material  1,3  quite  different  than  for  that  of  Ottawa  sand  and  glass  beads 
due  to  the  very  small  grain  size.  The  stress  wave  velocities  depend 
upon  time  as  well  as  stress  history.  During  test  28,  which  started 
at  a  void  ratio  of  0.83  under  a  pressure  of  14  psi,  the  specimen 
consolidated  to  a  void  ratio  of  0.80  after  having  been  subjected  to 

2 

a  stress  cycle  with  confining  pressures  as  high  as  50  lb, /in. 

The  computed  velocities  from  the  tests  on  Novacullte  ar.?  al.c-,-,u 
In  Figs.  3-23  and  3-24.  A  pressure  was  applied  to  the  specimen  and 
frequency  readings  were  taken  at  different  time  intervals  after  the 
pressure  Increment  V7as  applied.  These  time  intervals  are  noted  In 
the  figures  and  represent  the  total  elapsed  time  after  the  pressure 
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Fig.  3-21  -  Variation  of  velocity  with  amplitude  for  glass  beads 
2847  in  the  dry  and  water  saturated  condition. 
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Fig.  3-24  Variation  of  velocity  with  amplitude  for  Nbvaculite  Ifo.  1250  consclidated 
7270  Ib./ft.^  and  rebounded  to  4130  Ib./ft.^  and  2050  Ib./ft.^ 
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v/as  applied  Lo  the  specimen.  The  stress  history  of  test  Ho.  28  was  as 
f  ol lows . 

1.  The  specimen  was  compacted  and  placed  under  a  vacuum. 

Me.asuremont s  vi^erc  made  for  void  r.'itio  giving  a  value  of 

e  =  0.83. 

2.  The  specimen  was  placed  in  the  triaxial  cell  and  a  pressure 
of  2030  Ib./ft.^  was  applied.  Velocity  and  damping  mcasure- 
lueiits  were  made  intermittently  over  a  period  of  38  hr. 

3.  The  pressure  raised  to  4100  Ib./ft.^  Velocity  and  damping- 
ing  measurements  were  made  intermittently  over  a  period  of 
140  hr. 

4.  The  pressure  was  rebounded  to  2050  Ib./ft.^  and  measurements 
ct  velocity  and  damping  were  made  Intermittently  over  a  period 
of  12  hr. 

5.  The  specimen  was  placed  under  a  vacuum  and  measurements  were 

made  for  void  ratio  which  gave  a  value  of  6  =  0.81. 

6.  The  specimen  was  replaced  and  the  tria/.ial  cell  and  the 
pressure  was  raised  to  7270  Ib./ft.^  Measurements  of  velocity 
and  damping  were  made  Intermittently  over  a  period  of  13  hr. 

7.  Ti>e  pressure  was  reduced  to  4130  Ib./ft.  and  measurements  of 
velocity  and  damping  were  made  intermittently  over  a  period  of 
30  hr. 

8.  Final  measurements  under  a  vacuum  gave  a  value  of  &  =0.80. 

The  Novacullte  properties  were  not  only  sensitive  to  time  and 
stress  history  but  also  to  vibrations.  During  the  time  intervals  between 
measurements  the  specimen  was  not  vibrated.  The  first  measurements 
after  each  time  interval  were  made  at  low  amplitudes  of  vibration.  The 
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mCfisiironiuiiLs  wiii'u  itiaclc  at  Iiiciaasln^  ampliLiides  until  the 
maxiiiiiim  ampHttidc  obtainable  with  the  apparatus  was  reached.  Since  the 
high  amplitiid-  vibrations  affect  the  low  amplitude  measurements  a  second 
set  of  measurements  were  usually  taken  after  the  specimen  had  been 
vibrating  at  higli  amplitude  tor  a  period  of  approximately  five  m.inutcs. 
riicse  two  methods  tif  measurement  are  indicated  in  the  figures  by  arrows 
on  each  curve. 


Damping 

Ctuup  I 

figures  3-25  through  3-29  show  the  results  of  logarithmic  decrement 
for  Ottawa  sand  obtained  from  decay  curves  of  Group  I.  In  general  the 
decay  curves  were  such  that  the  logarithm  of  amplitude  plotted  against 
wave  number  on  semi-log  paper  was  a  straight  line.  The  slop.-  of  this 
line  represents  the  lalue  of  logarithmic  decrement  which  is  computed 
from  the  relationship  given  by  Eq.  (112).  Ihis  value  ot  logarithmic 
decrement  was  taken  to  be  the  value  corresponding  to  an  amplitude  equal 
to  tVie  steady  state  amplitude  at  which  the  specimen  was  vibrating 
before  the  power  was  turned  off.  In  cases  of  high  amplitude  and  large 
values  of  ^  the  plot  of  logarithm  of  amplitude  vs.  wave  number  was 
not  a  straight  line  but  a  curve  of  decreasing  slope.  In  this  case  the 
value  for  logarithmic  decrement  was  taken  as  the  average  slope  of  the 
first  several  cycles  of  the  decay  curve. 

Tests  in  Group  I  were  to  determine  the  variation  of  damping 
with  confining  pressure,  amplitude  of  vibration,  pore  fluid  (air, 
water  or  dilute  glycerin)  and  density  for  both  torsion  and  compression. 

Figure  3-25  shows  the  comparison  of  logarithmic  decrement  in  the 
first  mode  for  the  dry  and  saturated  condition  of  loose  Ot*^awa  sand  in 
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Fig.  3-26  Cospariaon  of  the  verietloa  of  logerittalc  decr>Mat  with  splltude  for 
dry  and  saturated  Ottnwa  sand. 


Fig.  3-27  Co«p«rison  o£  the  variation  of  logarlthnlc  decrenert  with  aoptitade  for  dry 
and  saturated  Ottawa  sand. 
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tor':ion.  Tin  same  comparison  Is  made  for  Lhe  lon^l Ind i nal  wave  In  tlie 
dense  -..id  loose  conditions  as  shown  In  Figs.  3-26  and  3-27  respectively. 
Figures  3-28  and  3-29  show  the  results  for  Ottawa  sand  saturated  with 
glycerin  . 
r.roup  II 

Figures  3-30  through  3-32  show  Lhe  results  for  damping  calculated 
from  the  test  results  for  glass  beads.  These  were  tested  in  the  dense 
condition  for  the  dry  and  saturated  case  under  torsion  and  compression 
The  results  arc  plotted  showing  the  variation  with  pressure  and  amplitude 
for  the  first  mode  of  vibration. 

Croup  III 

Figures  3-33  through  3-3o  show  the  daniping  results  in  torsion  for 
Novaculite.  The  same  procedure  for  taking  measurements  as  described  in 
the  results  for  velocity  was  followed.  The  stress  history  is  also  as 
described  in  the  velocity  results.  The  group  of  measurements  made  at 
each  pressure  are  plotted  separately.  The  damping  results  obtained 
when  the  specimen  was  rebounded  to  a  confining  pressure  ot  2050  lb./tt.“ 
were  affected  by  the  pickup  touching  the  permanent  magnet  and  are  not 
shown. 


D_; _ DT.SCUSSION  OF  RESULTS 

Results  for  Velocity 

Groups  I  and  II 

The  materials  used  In  Groups  I  and  II  are  quite  distinct  in 
their  behavior  compared  to  the  Novaculite  No.  1250  used  in  Group  III 
and  will  therefore  be  discussed  separately.  The  effect  of  amplitude 
of  vibration,  confining  pressure,  density,  pore  fluid  and  type  of 
material  will  be  discussed  separately. 
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Effect  of  .impl  ttiicjp  .  When  discussing  Llie  effect  of  amplitude  on 
wave  velocity  other  variables  must  enter  Che  discussion  since  the  ampli¬ 
tude  effect  on  velocity  differs  under  various  conditions.  First  consider 
t  iie  resilts  for  Ottawa  sand  in  tlie  dry  and  loose  condition  under  torsional 
vibrations  as  shown  in  Fip.  3-14.  It  cun  be  observed  that  at  any  given 
confining  pressure  the  shear  wave  velocity  decreases  as  tne  amplitude  of 
vibration  increases.  The  variation  of  velocity  with  amplitude  in  the 
range  of  the  highest  measurable  amplitudes  is  less  than  it  is  in  the 
range  of  the  lowest  measurable  amplitudes.  The  velocity  variation  is 
also  smaller  at  high  pressures  than  at  low  pressures.  Figure  3-16  shows 
the  results  for  Ottawa  sand  in  the  dry  and  loose  condition  for  compressive 
waves.  It  can  be  seen  that  the  velocity  of  the  compressive  wave  also 
decreases  with  Increasing  amoU tude  of  vibration.  The  per  cent  variation 
between  the  lowest  and  highest  measured  velocity  is  approximately  the 
same  for  torsion  and  compression  at  equal  confining  pressures.  This 
corresponds  to  approximately  10  per  cent  variation  at  the  low  con¬ 
fining  pressure  and  2  per  cent  variation  at  the  high  confining  pressure. 
Comparison  of  the  variation  of  velocity  with  amplitude  for  the  loose 
and  dense  conditions  shows  that  the  difference  in  the  amount  of  variation 
with  amplitude  between  the  two  conditions  is  very  small.  Figure  3-13 
compares  the  shear  wave  velocity  vs,  amplitude  measurements  for  dry  and 
saturated  Ottawa  sand  In  the  dense  condition.  Saturation  causes  the 
ciirvpq  to  he  almost  flat  except  for  double  amplitudes  below  approximately 
0.3  X  10*^  rad.  The  same  thing  happens  in  the  loose  condition  as  shown 
in  Fig.  3-14.  Figure  3-15  shews  comparison  of  the  compressive  wave  velocity 
vs.  amplitude  for  dry  and  saturated  Ottawa  sand  in  the  dense  condition. 

It  can  be  seen  that  the  curves  for  velocity  vs.  amplitude  are  affected  in 


niich  tlic  s.inu  '.Mv  liicy  .  ro  for  lUp  shear  wave.  At  double  amplitudes 
above  ipproxi.iu.l.-ly  (t.2  x  lO’^  in  the  curves  arc  almost  flat.  The  same 
behavior  IS  also  noted  in  Fij;.  3-16  which  shew;;  the  ctmparison  between  the 
dry  and  s.iturated  variation  of  velocity  with  amplitude  for  loose  Ottawa 
sani  .  Te.sts  were  run  to  detcrralre  the  variation  of  the  compressive  wave 
velocity  with  amplitude  for  Ottawa  sand  saturated  with  dilute  glycerin. 
These  tests  an-  shown  In  Figs.  3-17  and  3-18.  The  results  for  these 
tests  are  nearly  the  same  as  llu'se  saturated  wicn  w.alcr  There  is  .i 
slight  rend,  however,  far  tlie  curves  to  be  flatter  at  double  amplitudes 
aiiovo  0.2  r  I"'  '  in. 

llic  glass  beadc  ..'ulch  were  tested  in  Oroii  p  II  behave  somewhat 
differently  than  the  Ottawa  sand.  Figure  3-19  shows  tlic  result  lor 
sliear  wave  velocity  with  the  beads  No  2867  which  are  approximately  the 
same  si7e  as  Ottawa  sand.  The  effect  of  amplitude  on  shear  wave  velocity 
is  about  the  same  as  that  for  Ottawa  sand  in  both  the  dry  and  saturated 
condition.  The  results  of  the  same  beads  tor  the  compressive  wave  are 
somewhat  different  than  that  for  Ottawa  sand.  There  is  a  more  pronounced 
variation  of  velocity  with  amplitude  as  shown  in  Fig.  3-21.  Although 
the  maximum  amplitudes  ol  vibration  in  the  saturated  condition  are  not 
as  high  as  those  in  the  dry  condition,  it  appears  that  most  of  the 
velocity  variation  takes  place  at  low  amplitudes  and  the  curves  will 
flatten  out  at  double  amplitudes  above  0  3  x  10  ^  in.  The  shear  wave 
velocity  varia'ion  with  amplitude  tor  tne  glass  beads  No.  0017  is  siiown 
in  Fig.  3-20  for  both  the  dry  and  water  saturated  condition.  In  this 
case  saturation  of  the  material  does  not  cause  the  change  as  it  did 
for  the  other  two  materials.  There  are  two  factors  which  might  account 
for  this  -ondition.  One  is  the  fact  that  the  grain  size  is  much  smaller 
and  the  other  is  the  fact  Lhat  tbc  specific  gravity  of  the  solids  is 
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abuut  1.7  tlmos  that  for  the  other  materials.  It  seems  reasonable  to 
suspect  tl^at  the  dlfterence  is  caiired  mostly  by  the  chanRO  in  specific 
Riavity.  The  variation  of  veloeity'  with  amplitude  for  the  compressive 
wave  was  only  obtained  for  the  dry  condition  with  the  glass  heads  [Jo. 
0017.  Thi.s  is  shown  in  Fig.  3-22.  Again  there  is  a  greater  velocity 
variation  with  amplifide  than  for  the  other  materials. 

If  a  material  has  a  non-llnoar  stress-strain  curve  then  the  shape 
of  the  resonance  curve  will  be  distorted  Lumpaied  to  the  rase  of  a 
material  with  a  linear  stress-strain  curve.  If  the  elastic  modulus  of 
a  material  decreases  with  Increasing  strain,  then  the  peak  of  the 
resonance  curve  will  shift  towards  lower  frequencies  for  increasing 
amplitudes  of  vibration.  For  the  case  when  the  modulus  increases  with 
strain,  then  the  peak  of  the  rcsoaance  curve  will  shift  towards  higher 
frequencies  for  increasing  amplitudes.  Figure  3-37  shows  the  variation 
of  amplitude  with  frequency  for  longitudinal  vibrations  of  dry  Ottawa 
sand  in  the  loose  condition  under  a  confining  pressure  of  619  Ib./ft.^ 

For  different  values  of  exciting  force,  the  frequency  for  maximum 
amplitude  will  lie.  on  the  dashed  line.  The  skew’ed  shape  of  the  resonance 
curve  indicates  that  the  elastic  modulus  of  the  Ottawa  sand  decreases 
with  Increasing  strain. 

Effect  of  confining  pressure.  Figures  3-38  and  3-39  show  shear  and 
compressive  wave  velocities  plotted  as  a  function  of  confining  pressure 
for  Ottawa  sand.  The  shear  wave  velocities  were  chosen  at  a  double 
amplitude  of  0.5  x  10  In,  The  slope  of  the  curves  Is  generally  grestc" 
at  low  confining  pressures  than  at  high  confining  pressures.  At  pressures 
above  2000  Ib./ft.^  the  velocity  varies  with  the  0.25  power  of  confining 
pressure.  Density  and  saturation  both  affect  the  velocity.  The  dense 


vslecitj 
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cnndiLlon  p,ivps  n  hiphrr  voloclty  as  would  be  expected  since  a  dense 
material  will  liave  a  hlaher  modulus  tlian  a  loose  material.  An  adi’itlon 
of  water  to  the  specimen  Increases  Its  mass  without  adding  any  stiffness. 
This  results  In  a  decre.ise  in  velocity  as  would  be  predicted  by  the  rela¬ 
tionship  given  by 


In  the  case  of  a  saturated  material  all  of  the  water  does  not  move  with 
the  solid  particles  and  so  the  velocity  will  not  decrease  by  the  amount 
Indicated  by  an  addition  of  mass  equal  to  the  total  mass  of  water  In  the 
poies.  By  assauiiiig  the  same  value  for  shear  modulus  In  the  dry  and  sat¬ 
urated  conditions  the  amount  of  water  which  contributes  an  additional  mass 
to  the  material  for  Ottawa  sand  is  about  35  to  40  per  cent  of  the  total 
amount  of  water  In  the  pores. 

The  variation  of  velocity  with  confining  pressure  for  the  glass 
beads  Is  shown  In  Figs.  3-40  and  3*41.  The  velor.ltlus  were  taken  at  the  same 
amplitudes  as  mentioned  for  Ottawa  sand.  At  the  higher  confining  pressures 
the  velocity  for  the  glass  beaus  fJo,  2847  varies  with  about  the  0.25  power 
of  coiifining  pressure  while  the  glass  beads  Nj.  0017  vary  with  about  0.21 
power  of  confining  pressure.  More  tests  would  have  to  be  run  to  establish 
definitely  these  values.  The  slope,  for  the  fine  glass  beads  Is  low  com¬ 
pared  to  the  other  granular  materials.  For  the  torsion  test  of  the  dry 

glass  beads  Ko.  0017  shown  In  Fig.  3-41  two  points  are  designated  at  the  low 
pressure  as  A  and  B.  This  test  was  set  up  and  allowed  to  stand  for  a 

period  of  tv;o  days  at  the  confining  pressure  indicated  at  point  A.  Velocity 

measurements  were  made  for  point  A  and  then  the  pressure  was  Increased  in 
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inrromonts  to  dotormino  t  ho  values  of  velocity  for  the  luRher  pressures  of 
the  curve.  Alter  tlio  specimen  had  been  tested  at  Its  maximum  confining 
pressure  the  pressure  was  reduced  to  the  value  corresponding  to  point  B. 

The  velocity  at  this  point  was  less  than  the  Initial  value  that  was  measured. 
This  decre.-t.-.e  In  velocity  cannot  be  due  to  consolidation  since  this  would 
vdusj  an  increase  in  velocity.  During  the  lost  the  pore  pressure  line  was 
placed  In  water  in  order  to  detect  any  consolidation  when  the  confining 
pressure  was  increased.  No  consolidation  was  detected  in  this  way,  but  a 
slight  tlnre  effect  was  noted  after  a  change  of  confining  pressure.  Over  a 
period  of  about  15  minutes  there  was  an  increase  in  velocity  of  about  1,5 
pel  cent  at  3580  lb. /ft.  One  per  cent  of  this  occurred  in  the  first  5 
minutes . 

Group  III 

There  was  only  one  tost  in  this  group  for  measuring  velocity  and 
it  was  performed  on  Novaculite  No.  1250  in  torsion. 

Effect  of  amplitude.  The  measurements  of  the  variation  of  shear 
wave  velocity  with  amplitude  of  vibration  are  shown  in  Figs.  3-23  and  3-24. 
For  this  material  there  was  also  a  variation  of  velocity  with  amplitude 
at  any  given  time  for  a  particular  confining  pressure.  The  times  indi¬ 
cate  toe  period  over  which  the  indicated  pressure  has  been  applied  to 
the  specimen.  It  ran  be  seen  that  as  the  specimen  is  allowed  to  stand 
at  a  given  pressure  the  velocity  increases.  The  variation  of  velocity 
with  amplitude  of  vibration  depends  upon  how  the  measurements  are  taken. 

If  the  specimen  sits  tor  a  long  period  of  time  and  velocity  mea.surements 
are  made  starting  at  small  amplitudes,  the  velocity  remains  Independent 
of  amplitude  up  to  a  certain  point  after  which  the  velocity  decreases 
'..’ith  amplitude.  When  continued  up  to  the  highest  amplitude  obtainable 
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a  curve  is  dclined  which  is  concave  downward  If  the  velocities  aie  again 
treasured  starting  at  a  hlgli  atnplltudc  of  vibration  tlie  curve,  ot  velocity 
vs.  ampl  Irude  is  concave  upward  and  the  vclocitie.s  are  smaller  than  those 
made  bttiuo.  This  decieasit  In  velocity  is  regained  over  a  period  of  time 
as  shown  in  F  .gs  3-23  and  J-26 ,  The  Increase  of  velocity  with  time  must  be 
due  to  an  Intergranular  action  which  can  be  destroyed  by  vibration  hut  is 
built  up  again  If  the  specimen  is  allowed  to  sit  over  a  long  enough  period. 

A  change  of  confining  pressure  also  causes  a  temporary  reduction  In  wave 
velocity.  This  was  observed  by  the  change  of  phase  relationship  between 
tlie  driving  force  and  the  output  of  the  velocity  pickup.  If  the  driving 
frequency  is  below  the  natural  frequency  of  the  specimen  tliere  will  be  a 
change  of  phase  which  will  bo  opposite  to  that  for  the  case  when  the  driving 
frequency  is  above  the  natural  frequency  of  the  specimen.  The  driving 
frequency  was  adjusted  to  the  natural  frequency  of  the  specimen  and  then 
the  confining  pressure  was  increased.  As  the  pressure  increased  the  change 
of  phase  relationships  Indicated  that  at  first  the  velocity  decreased  and 
then  increased  above  the  value  which  was  measured  before  tbe  piubsuie  change. 

When  tlie  confining  pressure  was  reduced  from  a  higher  value  to  a 
lower  value  the  velocity  decreased  and  then  if  allowed  co  sit,  the  value 
would  Increase,  this  is  shown  in  the  sets  of  curves  which  are  designated 
as  rebounded  to  the  pressure  Indicated.  The  order  of  magnitudes  of  Increase 
in  velocity  are  still  quite  significant  when  the  specimen  is  rebounded. 

Since  the  velocity  at  any  given  confining  pressure  is  Lime  dependent 
the  variation  of  velocity  with  pre.a.aiire  cannot  he  specifically  defined. 
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]  he  ii'sult^  lor  till'  vari.il-Ion  ol  tlampinj;  wi.tli  anipl  Ifiido  for  tlic* 

Oltawa  •..Hill  will  be  discussed  lii.sL  and  ebon  lomparod  wltli  Llio  otlic-r 
maleiials,  'llio  cfirct  of  ampliLiido,  com'intnR  pressure  and  pore  fluid 
.11  be  discussed. 

I',  I  loci  of  amplitude.  In  geuern!  ,  the  '  "i.srltliniic  decrement  for 
dry  Oii.iua  sand  decro.ises  ultli  a  decrease  of  amplitude  of  vibration, 
ior  tlie  sliear  wave  in  i  lie  dry  condition,  as  shown  in  Fig.  3-25,  the 
average  variation  in  the  first  mode  Is  with  the  0.23  power  ot  amplitude. 

Tile  val'ie  of  0.23  is  an  average  foi  all  pressures,  and  the  individual 
values  i  ange  from  0.!6  to  0.29.  Results  for  the  comprciclvo  ’..’3ve  in 
t  tie  dry  condition  are  shown  in  Figs.  3-26  and  3-27,  For  the  first 
mode  of  vlbratlcn  the  average  variation  of  logarithmic  decrement  is 
with  tile  0.25  power  of  amplitude  in  both  rases.  Individual  values  vary 
from  0,16  to  0.34  .  When  the  Ottawa  sand  is  saturated  with  water  the  var¬ 
iation  of  logaritiimlc  decrement  with  amplitude  is  decreased.  For  the 
shear  wave  tlie  logarithmic  deccoment  varies  anywhere  from  the  0.0  to  0,13 
power  of  amplitude.  The  compressive  wave  shows  practically  'lo  variation 
of  Icg.arlth.riiv  uccremeiil  with  amplitude  In  the  saturated  condition. 

Figures  5-28  and  3-29  show  the  results  when  dllite  glycerin  was  used  as 
the  pore  fluid.  The  results  arc  very  much  the  same  as  those  for  the  water 
saturated  condition  In  that  there  is  practically  no  variation  of  logarithmic 
dccrenent  with  amplitude  of  vibration. 

Rffect  of  confining  pressure.  The  curves  generally  show  that  the 
logarithmic  decrement  decreases  as  the  confining  p“essure  is  increased. 
However,  'n  some  cases  the  damping,  incrcasp,s  when  the  confining  pressure 


3-67 


I'l 

I 

I 

i.T  increased.  Als",  clnro  f!i.~  rarv.'s  t:f  Icsaritlimtc  decromont  vs.  ampll- 
t  lido  are  not  parallel  tor  different  contining  pressures  this  Indicates 
that  tlic  pressure  variation  depends  upon  the  amplitude  of  vibration.  The 
inconsistency  of  the  results  is  such  that  the  only  definite  observation 
is  that  tlie  damping  Lends  to  decrease  with  an  increase  of  confining  pressure 
.'ilffoct  of  density.  The  effect  of  the  specimen  being  loose  or  dense 
is  rather  small.  Figures  3-26  and  3-27  show  the  results  for  the  compressive 
wave  in  the  loose  and  dense  conditions.  Any  differences  between  the  loose 
and  dense  conditions  for  the  dry  tests  are  too  small  to  be  detected.  The 
etlect  of  amplitude  Is  much  more  significant  than  any  effects  due  to 
differences  in  density.  Figures  3-26  and  3-27  show  lesults  tor  Ottawa  sand 
saturated  with  water  and  Figs.  3-28  and  3-29  show  results  for  the  same  na- 
terial  saturated  with  dilute  glycerin.  Differences  between  the  loose  and 
dense  conditions  are  also  insignificant  In  these  cases. 

Effect  of  pore  fluid.  Figures  3*25,  3-26,  and  3-27  compare  the  differ¬ 
ence  between  dry  and  water  saturated  Ottawa  sand.  The  effect  of  the  water 
apparently  depends  upon  the  amplitude  ol  vibration  since  the  slopes  lor  the 
dry  condition  are  greater  than  the  slopes  for  the  saturated  condition.  Over 
the  range  of  amplitudes  measured  the  water  increases  the  logarithmic  decre¬ 
ment  by  a  factor  of  1.5  to  4  times  that  for  the  dry  condition.  Comparison 
of  Figs.  3-26  and  3-28  as  well  as  Figs.  3-2/  ard  3-29  show  that  there  is 
practically  no  difference  between  the  tests  in  which  the  specimen  is  saturated 
with  water  and  with  dilute  glycerin. 

Group  IT 

Effect  of  amplitude.  The  results  of  damping  for  the  glass  beads  are 
shown  in  Figs.  3-30  through  3-32,  For  the  glass  beads  No.  284/  the  average 
variation  of  logarithmic  decrement  in  the  dry  condition  is  with  about  the  0.3C 

I 
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[Kiwor  il  nnip)  i  tiicf'’  In  tin  snrnrnfod  concittioii  tbf>  damping  varios  with  about 
file  0.13  pov;or  ('f  ainpl  i  tiido .  Tbi:  glass  heads  No.  0017  behave  somewhat  dif- 
lereiit  than  thr  it  tier  heads  nr  Ottawa  e.and.  In  I’ig.  d-Jl  it  ran  ho  seen  that 
as  t|io  amplitude  of  vibrations  Is  decreased  the  damping  becomes  less  dependent 
upon  ampliliido.  At  hig.lier  amplitudes  i  ogari  i  iunic  deeieiiieiiL  vaiics  wilii 
about  tile  0.54  power  of  ainplitudc  in  the  dry  condition  and  with  approyf - 
matcly  i  lio  0.47  power  of  amplitude  in  the  saturated  eoiiditioii.  It  sc-ems 
that  the  variation  of  damping  with  amplitude  for  the  dry  mateiioi  ii  affected 
by  the  typo  of  gr.iin  surface.  The  glass  beads  have  a  very  smooth  surface 
compared  to  the  .surf.sce  of  Ottawa  sand.  IL  would  be  difficult  to  determine 
from  the  data  whothor  the  difference  botweea  the  large  and  small  glass  beads 
is  due  to  the  .=  l?c  effect  or  the  difference  in  density.  An  increase  in 
density  should  tend  to  cause  a  decrease  in  the  logarithmic  decrement  because 
of  the  increased  mass.  Comparison  with  the  two  types  of  beads  shows  that  a 
smaller  amount  of  damping  is  associated  with  the  higher  density  beads. 

Effect  of  confining  pressure.  As  with  the  Ottawa  sand  the  varia¬ 
tions  ot  damping  with  contining  pressure  arc  such  that  the  o.nly  observation 
that  can  be  made  is  that  there  is  generally  a  decrease  in  damping  with  con¬ 
fining  pressure. 

Effect  of  pore  fluid.  The  saturation  of  the  glass  beads  No.  28'!?  has 
the  same  effect  as  it  did  in  the  Ottawa  sand.  The  values  for  damping  were 
increased  and  the  variation  of  damping  with  amplitude  was  reduced,  indi¬ 
cating  that  the  amuuiiL  of  damping  cuiitiibutud  by  the  watei  iiict  eases  at 
smaller  amplitudes.  Figure  3-3l  shows,  that  for  the  glass  be.ids  Mo.  0017 
the  amount  of  damping  contributed  by  the  water  is  also  greater  at  smaller 
amplitudes  but  to  a  much  sm.nller  extent.  This  difference  is  mest  likely 
due  to  the  higher  specific  gravity  of  the  beads  In  comparison  to  that  of 


the  water. 
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Troup  ni 

of  amplitude.  The  variation  of  logarithmic  decrement  with 
amplitude  for  t!iis  .natorlal  docs  not  plot  as  a  straight  line  on  a  full 
logarithmic  scale.  11  douhle  amplitudes  below  about  3  x  10"'^  rad.  the 
logarithmic  decrement  does  not  vary  much  with  amplitude.  This  corresponds 
CO  apprnxiTTijte  I  y  t.ho  oi-Ho**  nf  mnor*;  ^  *.;h'fch  ’’23 

little  variation  of  velocity  with  amplitude.  At  higher  amplitudes  there 
is  a  significant  variation  of  damping  v;ith  amplitude.  As  the  specimen 
was  allowed  to  stand  under  a  given  confining  pressure  the  damping  de¬ 
creased.  If  values  of  damping  were  then  measured  starting  with  low  am¬ 
plitudes  and  Increasing  the  a.mpli  tudec  until  measurements  were  finally 
made  at  the  highest  attainable  with  the  equipment,  a  curve  corresponding 
to  the  lowest  curve  in  Fig.  3-33  was  obtained.  If  the  specimen  was  then 
allowed  to  vibrate  at  high  amplitudes  over  a  period  of  approximately  5 
min.,  then  the  curve  corresponding  to  the  triangular  points  was  obtained. 
Thus,  the  time  effect  which  resulted  In  a  decrease  in  damping  could  be 
destroyed  by  vibrations  of  high  amplitude. 

Effect  of  confining  pressure.  When  the  confining  pressure  was 
Increased  after  having  been  maintained  at  a  steady  value  over  a  long 
period  of  time,  the  damping  increased.  After  a  new  pressure  was  reached 
the  damping  started  to  decrease  with  time.  If  high  amplitude  vibrations 
v;cre  applied  to  the  specimen,  the  decrease  of  damping  that  occurred  over 
a  period  of  time  could  be  destroyed.  If  the  values  of  damping  are  com¬ 
pared  at  low  amplitudes  for  the  different  confining  pressures,  it  can  be 
seen  that  time  is  more  significant  than  confining  pressure.  The  values 
of  damping  for  low  amplitudes  at  each  confining  pressure  are  all  within 
the  same  order  of  magnitude. 


Cnmp.1 1  1  SOI!  Rpsn  1 1  s  wt  Lii  Tlioso  o T  I'l  fViiiiis  'Li!VC*wt  L>;.it.ors 

IMltcl  oi  font  mi  111!  jirossuro .  T!:c  most  oxKiiisivc-  study  of  the 

i' I  U  t  I  of  (.  (Ill  I  i  II I  ng  prcssiiro  on  llic  voloLity  of  stress  w.sves  in  Ottnwa 

s.ind  li.is  li.’Oii  >;I\on  by  Il.irdin  (lObii  m  =  showed  fair  eereomont 

Willi  iluiso  u£  other  Invest  I  f;ators .  lie  found  that  the  velocity  of  both 

sIk  .it  and  compressive  waves  in  Ottawa  sand  varied  with  the  0.23  power 

') 

a'  conliniiiB  pressure.^  above  2000  Ib./ft.*"  At  lower  press  ires  ho  found 
that  the  power  was  between  the  W3  and  the  1/2  powets.  ilie  lesults  in 
this  investipat  ion  also  slmwod  that  the  variation  of  velocity  with  con- 
fiiiiiiu  pie.ssiire  was  with  the  0.25  power  at  pr.tsiiurcs  above  2000  Ib./ft.^ 
thus,  the  re.sults  are  in  very  pood  aprceiriont  with  those  obtalnea  by 
Hardin.  Fipures  3-42  and  3-A3  show  the  results  of  t'Sts  by  Hardin  for 
Otta.v'a  sand.  IIl.s  moasiiremcnts  did  not  include  an  evaluation  of  the  ampli¬ 
tude  of  vibrations,  but  they  are  estimated  to  be  in  the  order  of  5  x  10"'^ 
rad.  tor  torsion  and  2  x  10'"*  in.  for  compression. 

Effect  of  amplitude.  Hardin  ioiind  that  there  was  a  decrease  in 
the  shear  wave  velocity  of  about  5  per  cent  when  tlie  amplitude  was  in¬ 
creased  by  a  factor  of  3.0.  Duffy  and  Mlndliii  in  their  experiments  on 
1/8  in.  diameter  steel  balls  found  that  a  reduction  in  amplitude  from 
12  X  10"^  in.  to  2  X  10'^  in.  resulted  in  .a  1  per  cent  increase  of 
velocity.  Variatianc  as  great  as  10  to  15  per  cent  in  velocity  were 
found  in  the  present  work,  but  these  were  measured  over  a  much  greater 
range  of  amplitudes  than  those  above. 

Comparison  with.  Tboorelirul  Results 

Effect  of  confining  pressure.  The  theory  of  Duffy  and  Hindi  in 
predicts  that  the  stress  wave  velocities  for  granular  materials  will 


velocity  with  cokflmlnt  pr«s«ur«  aai  vol4 
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vary  w.ih  iho  1/b  power  o£  conllnliig  prcssiiro.  Ihis  Is  based  upon  per¬ 
fect  spi'cri.3  packed  In  ■;  face  centered  cubic  array.  A  sqii.nrc  packing  of 
sphere?,  iilsc  predicts  a  ''arfatfon  of  veloclLy  with  th'»  1/6  power  of  con- 
flniMg  pressure,  llie  e;cpcrtmental  results  ot  Duffy  .and  Hlndllii  sliowe-d 
that  the  variation  .at  low  confining  pressures  was  with  ahout  the  \  'h 
powL  r  of  co.aflnlng  prest  ure.  As  the  confining  pressure  was  Increased 
tfic  variation  more  closely  approached  the  1/6  power,  Thus,  granular 
"'j'crfal?  >.>!'<  eV.  pye  quite  different  than  stool  sphere®  wenia  Ke  likely 
ti)  vary  with  a  power  ore.ater  than  the  1/6  power.  The  experimental 
i'eo«.-to  wtiicu  Liiuicacc  e  vailaiioii  wi  Mi  the  1/-*  power  at  higher  con¬ 
fining  pressures  agree  quite  well  when  the  difference  between  the 
actual  and  theoretical  material  Is  considered. 

The  theory  of  Duffy  and  Mlndlin  also  predicts  that  the  variation 
of  logarithmic  decrement  will  be  with  tlie  -1/3  power  of  confining 
pressure.  Results  in  this  investigation  Indicated  a  trend  towards  a 
decrease  of  logarithmic  der.rcncnt  w<*h  confining  pressure,  but  the 
results  were  not  consistent  enough  to  determine  exactly  what  the  var¬ 
iation  was . 

Kffect  of  amplitude.  The  theory  of  Pisarenko  predicts  that  for  a 
material  with  a  non-linear  stress-strain  relatlou.ship  the  frequency  will 
decrease  with  an  Increase  oi  amplitude  of  vibration.  The  maximum  amplitude 
for  various  values  of  exciting  force  will  He  on  a  line  which  forms  a  .second 
degree  parabola  with  an  origin  and  vertical  tangent  at  ^ /w4\  “1.0 

Experimental  results  foi  Oi.i.awa  »diiu  and  glass  beads  show  that  the  maximum 
amplitude  for  various  exciting  forces  lies  on  a  curve  indicated  in  Fig. 

3-37  which  Is  concave  upward  Instead  of  concave  downward  as  predicted  by 
Pisarenko's  theory.  The  theory  might  possibly  iuJlcatu  .i  different  relationship 
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if  It  IS  derived  iisinp  a  different  assninption  for  the  non-ltnear  stress- 
strain  relalionsliip  . 

'I  lie  llieory  of  D.ifty  and  Mtndlin  predicts  that  the  logarltlinlc 
le>.rcniciit  for  a  dry  granular  material  is  proportional  to  the  amplitude 
of  vibration.  The  experimental  results  as  measured  tend  to  agree  in 
iliat  there  is  .in  'nereasc  of  damping  with  amplitude.  However,  for  any 
one  decay  curve  the  logarithmic  decrement  was  generally  independent  of 
amplitude-  as  described  under  presentation  of  results.  The  glass  beads 
showed  a  greater  variation  of  logarithmic  decrement  with  amplitude  than 
the  Ottawa  sand.  This  seems  reasonable  as  the  glass  beads  are  closer 
•■i'  a  perfect  material  than  the  Ottawa  saint. 


IV.  STAIIC  lESTS  FOR  DF.TERMINATION  OF 


SPECIFIC  DAMPING  CAPACIIV 

As  staled  in  Section  II  it  is  possible  to  calculate  the  specific 
ampiii)'  capacity  from  the  hyslcrosls  loop.  In  order  to  Investigate  this 
fosslhlHty  an  cppaiatus  was  designed  and  built  which  makes  It  possible 
to  determine  flic  shape  of  the  hysteresis  loop  for  the  speelal  case  of  a 
cylindrical  sand  specimen  subjected  to  torsional  forces.  A  tc tal  of  36 
tests  on  dry,  dense  Ottawa  sand  was  conducted  using  different  stress 
levels  and  confining  pressures. 

/pparatus 

Figure  A*1  shows  the  apparatus  used  for  the  torsion  tests .  The 
specimen  Is  confined  by  a  rubber  membrane  and  two  plastic  caps.  It  is 
approximately  10"  long  and  has  a  diameter  of  1.5".  This  specimen  is 
fixed  in  a  horizontal  position  on  a  steel  frame  in  such  a  way  that  one 
rap  is  in  rigid  contact  with  the  frame  while  the  other  i.&  able  to  turn 
a-ound  an  adjustable  pivot.  A  possible  slip  between  sample  and  caps 
is  prevented  by  a  thin  layer  of  sand  which  has  been  glued  to  the 
s  rface  of  the  caps. 

The  confining  pres.sure  on  the  sample  can  be  controlled  through  a 
eacuum  line  connected  to  the  fixed  end  cap. 

Torsional  moments  c.in  be  applied  to  the  sample  through  a  balanced 
beam  which  Is  fixed  to  the  free  end  cap  This  beam  is  rigged  up  as  a 
lalance  with  two  pans,  which  can  bo  loaded  with  weights  to  give  the  desired 
:wlstlng  moment  in  cither  direction. 
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An^iilcSt  do  1 1  cc  1 1  ons  of  Lhe  .spoclmc'n  aio  ino  ^  i*  r*-*<!  by  thn  votti*_al 
uiuvonu'iU  of  an  olertrical  contact  point  on  the  beam.  The  actual  tnoa.-iuri r.^; 
device  is  a  micrometer  (accuracy  inch)  which  is  fixed  on,  but 

elect  lically  insulated  from,  the  frame.  Ti)rouj:;t»  an  electrical  clrcu't 
(.Mi  erometi  r-Olmimeter-frame-plvot-beam-contact  point.)  it  is  poseib'’  t 
observe  the  exact  moment  of  contact  between  the  micrometer  and  tlie  contact 
point.  Thus,  Che  vertical  position  of  the  contact,  point  can  be  determined 
without  lo.iding  the  beam  with  a  force  from  the  micrometer. 

The  specimens 

All  specimens  were  prepared  from  oven-dried  Ottawa  sand,  which 
was  found  to  have  the  grain  size  distribution 
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-end  the  specific  gravity  (^  «  2.66. 

The  specimens  were  compacted  by  vibration  to  maximum  density 
corresponding  to  an  approximate  void  ratio  of  e  =  0.49, 

The  torsional  strength  of  the  above  type  of  specimen  was  determined 
at  two  different  values  of  confining  pressure.  Tha  failure  moment  being 
defined  as  the  moment  which  gave  an  angular  deformation  of  5  x  10*^  radians 
per  Inch,  The  results  of  these  tests  are  given  on  Fig.  4-2. 

Repeated  loading  tests 

In  this  type  of  tests  the  specimen  is  subjected  to  a  moment  which 
is  varied  in  .steps  between  two  levels.  For  each  step  the  corresponding 
deformation  is  observed  and  the  test  result  is  a  curve  showing  the  re¬ 
lationship  between  moment  and  angular  deformation  of  the  sample.  A 
typical  test  result  is  shown  on  Fig.  4-3,  which  also  defines  the  terms 
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Typical  load-cte format i<^ri  relationship  for  repeated  loading  tests 
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li  L  ill  I't'  St  ii  t'.ijt  lilt.'  iniist  imnoriant  variables  of  the  tests  art 
1  (’out  i 'll  iig  |ii  cssiiro  ( Vticiiiii..'; 

J  Aniplitiidt  oi  load  (iiiomont  > 

J  Initial  load  (ironieiit) 

Tests  were  carried  out  at  two  levels  of  confit.ing  pressure,  name ly 

2 

‘lost  soilos  t  (Test  i-ib_/  .it  12.0  psi  vo  y  kg/cm  ) 

Test  series  II  (Tests  22-39)  at  8  S  (0  6  kg/cm“) 

The  amplittide  t>f  lo.nd  and  the  Initial  load  were  varied  as  shown  on  Fig. 
4-4.  fin  this  rieiire  the  moment  has  heeii  expresseH  in  terms  of  the 
unbalanced  load  on  the  right  pan  (see  Fig.  4-1).  This  r.cacure  for 
the  moment  will  be  used  several  times  below  just  as  the  movement  of  the 

contact  point  will  bo  used  as  a  measure  for  the  angular  deformation  of 

the  specimen. 

Two  more  variables  should  ho  conr.i  deit  o ,  namely. 

4  Rate  of  testing  (timci 
5.  Stress  history  of  the  sample 

As  to  the  rate  of  testing  It  should  be  noted  that  a  Certain  creep  was 
observed  and  the  testing  procedure  was  therefore  de-  igned  in  such  a 
way  that  the  sample  was  allowed  to  reach  a  stationary  condition  under 
each  new  loading  before  the  correspondfng  deformation  was  recorded 

It  each  of  the  36  tests  were  carried  nut  on  tresh  samples  the 
stress  history  would  be  well  defined,  but  this  wa.s  not  the  case  for 
the  present  tests  where  18  tests  were  carried  out  successively  on  the 
samp  sample  However,  ft  can  be  sh  >wn  that  the  stress  history  is  of 
little  importance  provided  the  sign  of  the  moment  changes  between  each 
test  Consider  Fig,  4-4  and  imagine  that  three  experiments  are  carried 


out  * 


Exp  . 

(  a  ) 

Test 

No. 

1 

on  .a  f resit 

.s.iippl  e 

Exp . 

(b) 

i\K>. 

2 

on  a  fresh 

s  amp  1 0 

Exp  . 

(c) 

Ttsc 

No. 

2 

oil  lilt.-  samp 

lie  use  l  tor  Test  No.  1 

K.xp .  (,n)  .’.r.J  Hxp.  (b)  ,  hcc.iusc  if  ry ,  filvc  t!'.c  cair.c  result 

v.ll!'.  >ippi.'hLle  sign.  If  Exp.  (a)  -1“^  same  result  fexcept  for  the 

sii;n)  as  Exp.  fc)  It  can,  therefore,  be  concluded  that  the  stress  history 
'T.  No.  1)  h,.s  !(■!  l  •'!!  the  rcsiili  of  Exp.  (c)  .  Roth  Exp.  (a)  ^nd 

Exp.  (c)  were  carried  out.  A  check  on  the  results  of  Test  No.  1  and  Test 
No.  2  will  show  that,  within  the  accuracy  of  Che  tests,  they  give  exactly 
the  same  result  with  opposite  sign.  TItls  equivalence  does  not  Include  the 
first  loop  which  seems  to  be  very  dependent  on  the  stress  history.  A 
similar  comparison  can  bo  made  between  Tests  No.  13  and  14,  etc. 

It  can,  therefore,  be  concluded  that  all  the  tests  gave  approximately 
the  same  results  as  they  would  have  given  It  they  had  been  carried  out  on 
fresh  samples.  This  evidence  Is  supported  by  the  fact  that  no  significant 
change  In  void  ratio  was  observed  when  measurements  were  made  between  Indi¬ 
vidual  tests  In  each  series. 

During  each  test  the  loop  was  repeated  16  times  but  observations  of 
the  deformations  were  made  only  for  loops  Nos.  1.  2,  4,  8,  12  and  16.  A 
typical  set  of  observations  (Test  No.  32)  is  shown  in  the  upper  part  of 
Table  4-1.  The  points  referred  to  in  this  table  are  the  points  shown  on 
the  nth  loop  in  Fig.  4-3. 

Treatment  of  test  results 

For  each  test  the  re.sults  will  plot  approxlnately  as  Fig.  4-3,  but 
due  to  ;he  lin.lted  accuracy  of  th°  tests  and  tlie  fact  thut  the  higher  order 
loops  wl'l  plot  on  top  of  each  other,  one  will  find  that  this  type  of  plot 
is  Inconvenlenr  in  describing  the  observed  load-de format!  on  relatlonsliip . 
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TABT.E  4-1.  -  Test  Sheets  for  Test  No.  32. 
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I'liiis ,  It  is  npcf-ss-iry  to  I nnl;  for  other  ireans  of  presenLlog  the  test 
results.  KxamLnitt  i  oil  of  the  data  indicates  that  two  factors  are  ot 
importoiicc,  Hanoi y: 

1.  Till'  shapi.  ot  the  ntli  loop 

2.  Tlie  position  of  the  nth  loop 

The  sltape  of  the  nth  loop  is  completely  described  by  its  coordinates 
in  relation  to  th^  coordinate  axes  ti  in  tig.  i  S.  ihuse  axes  have 
their  origin  in  the  center  of  gravity  of  the  loop.  The  new  coordinates 
are  called  reduced  load  and  reduced  deformation  respectively  and  they 
are  readily  calculated  for  each  point  of  the  loop  from  the  formulas 

Reduced  =  Load  on  -  Initial  load 

load  pan 

Reduced  =  Observed  -  Mean  of  observed  deformation 

deformation  deformation  for  all  points  in  the  loop 

The  position  of  the  nth  loop  In  relation  to  the  original  axes  is  deter¬ 
mined  by  the  coordinates  to  the  origin  of  axes  II,  However,  as  the 
first  loop  is  affected  by  the  stress  history,  we  Jo  not  know  the  point 
of  true  zero  deformation.  The  absolute  position  of  the  nth  loop  can, 
therefore,  not  be  determined  from  the  available  test  result.  By  choosing 
arbitrarily  a  system  of  coordinates  (axes  I  in  Fig.  4-3)  which  has  its 
origin  at  the  center  of  gravity  for  the  entire  set  of  observations  vq 
can,  however,  find  the  position  of  the  nth  loop  relative  to  any  other 
loop.  Using  the  centers  of  gravity  for  the  individual  loops  as  reference 
points  wc  have? 

Reduced  position  =  Mean  of  observations  -  Mean  of  all 

of  nth  loop  for  nth  loop  observations 

These  coordinates  are  shown  in  the  last  column  of  Table  4-1. 
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TIu"  liisti’,.  1  am 

Oil  Fi;;.  4-4  Is  plolttd  whdt  will  be  called  a  histogram  for  Test 
No.  32.  The  histogram  is  a  graph  showing  the  reduced  deformations 
defined  above  as  a  function  of  the  logariflmi  of  the  loop  number.  Ilach 
line  111  the  graph  reptosents  a  certain  reduced  load  (momont)  and  the 
nombers  shown  on  the  f  '.rsL  observations  correspond  to  the  numbers  shovm 
on  the  r.rh  loop  on  Fig.  4-3. 

The  entire  system  of  lines  gives  a  good  picture  of  the  variation 
of  the  shape  of  the  loops.  Noting  that  a  series  of  equal  loops  would 
correspond  to  a  system  of  parallel  lines  It  can  be  concluded  from  the 
histogram  that  as  the  loop  number  increases  the  shape  of  the  loop  approaches 
a  limit,  this  limiting  loop  will  be  called  the  specific  loop.  The  reduced 
coordinates  to  the  specific  loop  can  with  good  approximation  be  calculated 
as  the  average  of  Che  reduced  coordinates  of  the  4,  8,  12  and  16th  loops. 
Next  to  the  histogram  Is  shown  the  corresponding  loop  which  was  calculated 
as  an  average  of  tests  Nos.  32  and  33. 

Coefficient  of  creep 

The  heavy  curve  shown  on  Fig.  4-5  is  a  plot  of  the  reduced  position 
of  the  nth  loop  against  the  logarithm  of  the  loop  number. 

For  all  36  tests  It  was  found  that  for  n  >  2  this  curve  plotted  as 
a  straight  line.  This  means  that  the  absolute  distance  to  the  center  of 
gravity  for  the  nth  loop  can  be  written  as: 

=  a,  -h  Q,.  loq  n  (4-1) 


where  Cl,  is  a  constant  deiormation  which  depends  on  the  stress 
history  of  the  sample,  and 
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Fig.  4-5.  -  Histogram  for  test  No.  32. 
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*  ,,,  IS  a  catir, t  jint  wliich  can  tu-  .iil..ulatcd  tram  tlie  s  I  ape 
ot  the  lifu'.  This  constant  will  In  tli;  tolKwiiif'  bti 
.  jlK'.t  the  cocfficJcnt  of  creep.  It  has  Cht  dlinenslori 
of  do  f  .1 1 ':ial  i  on . 

I  .li  Kn .  (''i-ll  .  ihil  t  fc  dtr.t  ince  brt'cern  the  nth  -Mid  tlv.' 


I  *  III  loop 


:  I  h  toRcih.r  with  the  specific  leap  gives  a  good  description  of  the 

h.iijvlor  of  the-  stress-strain  relationship  for  large  values  of  n.  The 

ri  uU  of  each  tost  is,  thcreiore,  reported  as  the  numerical  value  of 
-*>1 

utilch  is  given  In  Table  6-10,  and  the  reduced  coordinates  to  the 
spccltlc  loop  which  are  given  in  Tables  6-^  to  i-7. 

Considerations  of  symmetry 

The  accuracy  of  the  test  results  can  be  somewhat  improved  by  making 
use  ot  symmetry.  Tests  Nos.  I  and  2  give  approximately  the  same  result 
vtth  opposite  sign,  which  Is  not  surprising  as  the-  main  difference  be  • 
twvcii  the  two  tests  is  a  change  in  the  direction  ol  the  moment.  Assumi-’g 
tnat  the  ssTtimctry  exists,  the  accuracy  of  the  t---,t  i,.-iults  can  be  Imprcvic 
by  taking  the  average  of  the  two  tests.  Similar  considerations  can  be 
made  for  Tests  Nos.  3  and  4  up  to  13  and  14,  and  from  22  to  23  up  to  3'i 
and  35. 

A  study  of  the  results  also  shows  that  all  the  specific  loops  arc 
neatly  symmetrical  around  their  center  of  gravity.  If  it  Is  assc.-ned  that 
this  sym.metry  Is  exact,  the  lest  results  can  be  improved  once  more;  by 
-tvi.  raging  th?  two  sides  of  the  loop.  The  above  cal  cui  at  loiis  were  mad,- 
ior  all  the  tests  and  the  results  are  shown  In  Tables  4-2  tc,  4-7. 
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Friin  Kf] .  (4-i)  in  is  ov  duiiL  I  l.i»t  !<>r  vciy  lar^,*-  of  n  tliuie 

li  vitliiully  lui  d !  f  ft*  i  in  cho  positlor  t>i  S'li  ct*ctJ  i  n^  loops,  Tht?  load* 

di  f  iTi'piat  f  o r*  1  aL  u'nslii  p  <~jn  t'lcioforc  ftc*si’rib'''H  as  a  slmplp  r»' ^ 

*  ■  lu  opiL'iUt  I  v'.p ,  a  :;lLiiatlon  which  is  v'cy  similar  to  tho  bohavic  t 
1  if^OL'ial  iindor  dynamic  loading  (sco  section  11).  Assuming  that  the 
cific  loop  is  equivalent  to  the  dynamic  hy^<Grcsls  loop  the  specific 
diuupinc  capacity  was  calculated  for  all  tests  using 


P  = 


AW 

W 


(2-13) 


where  A  W  Is  the  area  of  the  specific  loop  and  W  Is  the  potential 
energy  at  maxiiwini  .amplitude.  A  W  was  readily  calculated  from  the 

coordinates  to  the  specific  loop  and  W  was  assumed  to  be  equal  to  the 
area  of  the  triangle  ABC  shown  on  Fig.  A-3.  The  results  of  the  calcula¬ 
tions  arc  shown  In  the  summary  Tables  4-8  and  4-9.  In  the  same  tables 
are  shown  values  of  the  logarithmic  decrement  calculated  from  formula  (2-14). 
The  dynamic  shear  mixlull  have  been  calculated  for  all  tests  from  the 
f ormul a 

=  32  _M__  (^.3) 

fr  6  t'/*' 

where  0  =  the  amplitude  of  deformation  (lad./in.) 

N\  “  the  amplitude  of  moment  (lbs. /in.) 
d  =  diameter  of  specimen  (In.) 
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TIk'  lesjlls  of  ihe  calculations  are  shown  in  Tables  4-8  and  4-9.  In  the 
same  rallies  are  .shown  values  of  the  velocity  of  t Vie  shear  wave  calculaiefl 
from  tlie  formula 


where  g  =  acceleration  of  gravity  and 
"y  “  unit  weight  of  the  sample 
Discussion  of  test  results 

A  description  was  given  of  the  method  whereby  the  load-defonr.atlon 
relationship  for  large  loop  numbers  can  be  dcscrloed  by  the  coefficient  of 
creep  and  the  specific  loop.  It  was  also  noted  that  due  to  the  effect  ot 
stress  history  ou  the  first  loops,  it  is  not  p.osBlble  to  obtain  any  in¬ 
formation  about  tlie  absolute  deformations  from  the  available  test  results. 

Assuming  that  iV.e  specific  loop  corresponds  to  the  dynamic  hysteresis 
loop,  calculations  were  made  for  the  dynamic  properties  of  .specific  damping 
capacity,  dynamic  shear  modulus,  and  the  velocity  of  the  shcur  wave. 

In  order  to  be  able  to  compare  these  latter  results  with  the  results 
of  dynamic  tests  several  graphs  were  prepared. 

Figure  4-6  shows  the  relationship  between  the  relative  amplitude 'of 
moment  and  damping.  It  appears  from  this  graph  that  the  relationship  is 
independent  of  the  confining  pressure.  It  also  appears  that  the  damping 
depends  on  the  Initial  load.  Ihe  symmetrical  tests  (no  initial  load)  .showed 
a  much  higher  damping  than  the  asymmetrical  tests.  This  is  possibly  due  to 
a  relaxation  of  prestrain  effects  when  the  direction  of  tlie  moment  is 
reversed.  For  the  tests  In  which  the  direction  of  the  moment  was  uncliangcd 
It  was  found  that  tlie  damping  Increased  with  increasing  initial  load. 


au;i.n 

'rV,",  o  O 

■;ou  ^u»woao>jp  i<>Jk  U"  r-< 


quouidJ«»«>p  tio  I 


UitAlUilllr 


t-t  ^ 

X^'JO^idliO 


V. 

o  Vi 

4J 

E  r 

*!;s 

u  c 
t- 


4:  t; 
r  ^  ^ 


X-^pyuco  iiup-VQ 


luouo.iJop  ^OJ 


almWa  the  variation  of  damping  •..•'.tli  ;;..ptltiid6  of  defotmallon . 
As  could  bo  fxpertod  tlie  dampinfi  Incrnnscs  with  amplitiido  and  dvcieabos 
witii  till?  confining  pressure.  Just  as  above  a  dtstinct  difference  Iietwccn 
^,yr'ml  t  rii  al  and  a.-,  ,.imi.-t  ri  cal  tests  was  found.  A  comparison  bet'.Vvn  l  l.c 
results  of  the  syrtmet rl ca  1  tests  and  similar  dynamic  tests  In  ttie  low 
amplitude  range  shows  that  tire  damping  calculated  from  the  present  tests 
is  t'f  the  same  magnitude  as  the  damping  fiamd  trom  dynamic  tests.  No 
dynamic  tests  results  are  available  for  comparison  with  the  asymmetrical 
tests.  The  variation  of  the  calculated  velocity  of  shear  waves  with 
amplitude  of  deformation  is  shown  on  Fig.  A-8.  The  values  calculated 
from  the  symmetrical  tests  are  107.  -  207.  lower  than  tre  corresponding 
values  measured  in  dynamic  tests. 

Figure  A-9  shows  the  relationship  between  the  coefficient  of  creep 
and  tiie  initial  moment.  It  is  evident  from  this  graph  that  the  creep 
increases  with  Increasing  initial  load  and  amplitude  of  moment. 
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Fig.  4-7.  -  Relationship  between  damping  and  amplitude  of  deformation 
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-Confining  pressure 
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Fig.  4-8  Relationship  between  wave  velocity  and  amplitude  of  deformation 
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Curve  A  B  C  D  E  F 
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pressure 
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Fig.  4-9.  -  Relationship  between  coefficient  of  creep 
and  initial  lo.id. 
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TABLE  4-2.  -  Reduced  coordinates  for  specific  loops 


Coordinates  to  points  of  specific  loop  as  -alcn’  u  -  t  ro-^  loops  Mo.^ 
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TR.ST 

TNI  TTA!. 

AMPLITUDE 

C  0  EFFICIENT  OF  C  R  E 

E  P 

NO. 

MOMENT 

OF  MOMENT 

Assume  symmetry 

ill .  - 1  bs  . 
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0.515 

8. 

X 

9 . 

1 .039 

1 .030 

10. 

11 

3.090 
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X 
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3 
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0.927 

38. 
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1  5.0 

-  2.5 
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-•  9  5 
-8.0 

8  8 

2  0 

-t-18.5 

-18.7 

18. 6 

4  2 

+  33.2 
-10.0 

21 .6 

4  .  i 

3  9  8 
-  6.7 

8.3 

1  .9 

t  13.5 
-30.5 

31  8 

7.3 

4  36  .4 
•20.2 

23.. 3 

6  5 

No  rroop  was  observed  tor 
large  loop  nuT.bers. 


4.  6,8 

••  3.0 

4.9 

1,1 

+10.6 
-24  .4 

17.5 

4  0 

llH.O 
-  6.0 

12,0 

2.7 

+  56.5 
-d6.5 

56.5 

12.9 

+  6.2 
-  4. .5 

5.5 

1  .2 

+52.6 

-58.6 

55.6 

1.1 .7 

4-4:!.3 

+40.0 

41.7 

9  5 

No 

creep  was  observed 

t'er 

large  loop  numbers. 


Kete;  For  definition  sec  Equation  (4-1) 
TABLE  4-10.  -  Coefficients  of  Creep 
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V.  COTCMIi'IONS 

Tlio  conclusions  obtained  frrm  this  study  ncci  ;“ril>  appl'.  to 
gi.oumi  soils  which  have  been  siibjoittd  to  scvci  al  load  i  opet  it  ions  and 
have  reached  a  rel.itively  stable  condition.  This  corresponds  to  con- 
stru.  tio.i  conditions  where  the  soil  h.is  been  pre-vibrated  or  pre-cn.-.'.pac  1  en 
to  eliminate  the  disastrous  settlements  which  may  aitompany  the  first  dy¬ 
namic  load  ap]'. I i cat ii>n  on  lotjse  granular  soils. 

From  the  steady  st.tte  vibration  tests  on  granular  matetials,  the 
results  for  the  Ottawa  sand  and  glass  beads  gave  results  which  should 
be  typical  for  sands  with  rounded  grains.  A  detailed  discussion  of  these 
results  is  given  in  Section  Ill-D  and  the  more  Imporlajit  conclusions  are 
listed  below: 

1.  Both  the  shear  and  comprc.ision  wave  velocities  Jeciease  us  the 
amplitude  of  vibration  is  increased.  This  decrease  may  be  as 
much  as  lO  to  iy  per  cent  as  the  double  amplitude  Is  increased 

from  lx  10  ^  to  3  X  10  ^  rad.  in  the  shear  tests  or  from 

*5  *3 

I  X  10  to  2.5  X  10  in.  in  the  compression  tests.  The 
stresses  developed  at  the  maximum  amplitudes  were  as  high  as 
20  per  cent  of  rhe  f.',i  1  iir«^  In  sc'ir.o  tc'‘wn» 

2.  The  effects  on  wave  veJocities  produced  by  changes  of  void 
ratio  fror.1  the  densee'it  to  the  loosest  condition  is  also  about 

10  Co  15  pci  cent.  Thus  void  ratio  changes  and  changes  of  ampli¬ 
tude  influence  the  wave  velocities  by  comparable  amounts. 
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i^ii it  I c  iint  I V  ali*c».wu  ch<tnpi  s  in 
.  .U  ^ri.  n.irv,  pi  .  Ul-I'  s  niHf,  .Ir-il  oil  tin-  Ki.mmavv  FIk-S.  J-Jb 

lIuouhI'  3-1 1  I'oi  Ljiil  ioiiiji  |0’  "MHi'fs  iiDoM-  2000  lb  /I  t.  .  Liu 
vai- union  ot  w.o-o  voie.ilv  in  ->iLli  I  no  0  21  powi  r  oL  Lhc  ro.’- 
fiiiirip  proh.nuif  loi  t'lo  L’Llawa  .'.and  .uid  ■■.l-inii  luniu.s  No.  2tt47 
'rho  vari.it  ion  u.i.s  v.’itii  Lno  0  21  powi.  t  ol  prosonr.’  f  oi  liio 
ylans  h.ido  No  IH'l.'  BoLh  o''  llUM  v.lur'  o  groolor  Lliin 
llio  U.  IbV  power  givi-n  l  hoot  et  ion  1  !>'  lor  Lho  lolatioii  botwoon 


w.ivo  vilociiy  and  oanLinlng  piosruic 
i  For  dry  O'.Lawa  sand  the  logai  Uhmic  docri'iiionL  varies  with  abouL 
Che  0.23  power  o!  .."ipli'nd.  .SaluiaLed  L)L  1  awa  sand  snows  lUtlo 
vaciaCion  ol  logariLhniu  deireinent  witii  amplitude  rneretoie, 
che  amount  ot  damping  contributed  by  tile  walei  .api  '  '  'V  i*'" 

cifu.nts  aa  the  amplitude  of  v'.hr  .iioD  deireases.  The  variation 
ot  iogaiitnmic  decrement  with  anplUudi  Cor  glass  beads  No.  ;dA7 
is  with  the  0.38  power  for  the  dry  condition  and  with  the  0.13 
powet  wlilUJ  diitultltcJ  with  wuL»  r» 

5.  The  damping  determined  from  the  deray  of  st.;ad>’  state  vibrations 
in  Samples  of  I  ounded  gtanulai  luateii.ils  l..hav*jS  like-  viScOUS 
damping.  The  values  ci  logarithmic'  dccrc-ment  varied  from  0  ti2  to 
about  0.2(1  for  the  vav  lous  nuiter  la  1  a  and  test  conditions  used 
b.  The  static  torsion  tests  Ciii  jeiise  Ottaw.s  sand  were  run  p't  imur  i ly 
to  indicate  the  effect  ot  amplitudes  which  uppro.ached  the  failuie 
conditions.  Figure  4-0  (p  4-lfa)  illustrates  the  variation  of 
damping  quantities  with  torsional  loads  up  to  75  per  cent  of  the 
failure  load  Cor  the  two  confining  pressures  used  Large  values 
of  damping  arc  .issocialed  with  loads  near  failure. 
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7.  '1  lu'  ULcoiK.  pijrpo;;L'  for  the  i-atie  damping  LestH  was  to  ovalunci 

tiu'  oliicts  of  siitss  hiot>ji>  ^11  tlio  damping  values.  Thi?  tests 
using,  equal  plu.s  and  iiiiiUis  Lolques  (syiiiiiieL  i  ie  a  1  teSLa)  olioWed 
nigher  valuis  of  diimpiiig  than  for  the  tests  using  eoniparabli 
torque  magnitudes  applied  in  one  dirtetion  only  (unsynmet r lea J 
.outs).  I.i  tile  latter  tests  the  da.nping  characteristics  could 
he  described  in  I  er.m.s  of  a  spec  i  f  ic  I  oop ,  a  shape  of  the  hyster- 
c.si:;  loop,  and  a  eoel  1  le  rent  cj_  creep ,  which  relates  the  mean 
strain  in  the  lo<'p  to  the  ni.imher  of  loop  applications.  This 
creep  effect  appealed  to  be  continuous,  varying  almost  linearly 
with  the  logarithm  of  the  nuinbei  of  loops,  and  the  creep  rate 
increased  with  the  torque  amplitude. 

0.  Values  of  the  logarithmic  decrement  obtained  from  the  symmetrical 
static  torsion  tests  were  .approximately  the  sanie  as  those  obtained 
from  the  dynamic  tests,  for  comparable  test  conditions. 

9.  Values  of  shear  wave  velocity  computed  using  the  hvstcrcsi.s 

modulus  from  the  static  shear  tests  were  10  to  20  per  tent  lower 
than  the  correspciid ing  values  measured  in  the  dynamic  tests 
Dynamic  tests  on  the  Novaculite  No.  1250,  a  very  fine-grained  crushed 
quartz,  produced  results  which  were  senewhat  differc'P.t  from  those  obtained 
from  the  larger  grained  materic.ls.  The  primary  ditlerercc  is  that  Llie  wave 
velocity  and  damping  values  obtained  from  laboratory  tests  are  dependent 
upon  the  stress  history  and  upon  the  time  the  loading  has  been  applied.  The 
wave  velocity  Increases  slightly  as  a  particular  confining  pressure  continues 
to  be  applied  to  a  Gpccl.Te:!.  Hov-uver ,  it  was  also  found  that  higher  ampli¬ 
tudes  of  vibration  tend  to  destroy  this  time-dependent  increase  in  velocity. 
Further  investigations  are  required  in  order  to  evaluate  the  time-dependent 
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iiu  ill  wavi*  voKhIlv  (and  rcascb  of  dan^piiig)  aiui  thv  v  ibi  at  .1  ona  1 

viK'Vg)  rcqijir»'i  10  this  gam. 

Poi  Lonp:ira-»U-  cOiidiLiois  ot  confining  prossutt*  and  amplitude  ol 
vibialniiKs.  Lho  Novaculitc  No  IJ50  has  a  significantly  lower  value  of 
Icgar  i  tiiiii  ic  detifniiMiL  tiian  thaL  tot  the  Ottawa  sand  This  is  in  line 
with  th*-  test  rc.^'ijles  fcr  the  glass  beads  No.  0fJl7  which  arc  c oris idci  ably 
Lower  chan  for  the  larger  diameter  glass  head.s  or  Ottawa  sand  Thus  the 
''alue  of  logarithmic  decrement  seems  to  <lucrease  as  the  average  gt.iin 
sii'e  dct-reasiis. 

Finally,  it  .should  be  te-emphasii:ed  tliat  the  tests  desei  ibcd  herein 
f.ro  concerned  with  the  wave*  propagation  and  damping  in  granular  materials 
which  are  in  a  stable  condition.  because  the  deiormations  are  recoverable 
when  the  stresses  an.  below  about  20  per  cent  of  the  failure  stress,  the 
beha^'tor  of  the  raiorial  in  this  range  has  i»een  termed  "elastic*  although 
damping  is  definitely  present ,  The  ordei  o.  magnitude  of  the  logarithmic 
decrement  i.s  generally  below  0,2  for  the  te.st  conditions  used.  This 
defines  a  value  of  -  0.03  if  a  steady  state  response  is  to  be 

considered.  The  damping  due  to  dispersion  of  elastic  waves  in  an  Ideal 
medium  can  be  estimated  by  procedures  similar  to  that  i-lustraced  in 
Sectio.n  IT-D.  A  value  of  •  corresponding  to 

be  expressed  b> 

<^ce  ~y  t) 

where  ^  oscillating  footing.  Thus  a  comparison  cun  be 

made  between  the  material  damping  and  dispersion  damping  for  a  given  founda 


tion  system. 
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